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Abstract 

We study symmetries and stabilization properties of perverse sheaves 
of vanishing cycles Wy j> of holomorphic functions / : V — > C on complex 
manifolds. We first prove that if / : V — >• C is holomorphic with critical 
locus X — Crit(/), <3? : V — > V is a local biholomorphism near X, fixing X 
and compatible with /, then the action of <!>* on Wyj is multiplication 
by det(d$|x) = ±1. We then consider three different situations in which 
f : V — t C, g : W — » C are holomorphic on complex manifolds V, W with 
Crit(/) = Crit(g) satisfying extra compatibility conditions. We construct 
canonical isomorphisms Wy t — > PV^ 9 ®z 2 Pf,g, where P/, g is a natural 
principal ^2-bundle on the common critical locus. We also generalize our 
results to mixed Hodge modules of vanishing cycles. 

These results will be used in the sequels [6][7] to construct perverse 
sheaves and mixed Hodge modules on moduli schemes of stable coherent 
sheaves on Calabi-Yau 3-folds over C equipped with orientation data, giv- 
ing a categorification of Donaldson-Thomas invariants, and to categorify 
intersections of Lagrangians in a complex symplectic manifold. 
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1 Introduction 

Let V be a complex manifold and / : V — > C be holomorphic, and write 
X = Crit(/), as a complex analytic subspace of V. Then one can define the 
perverse sheaf of vanishing cycles Wyj on X. Formally, X = Yicef(X) X c , 
where X c C X is the open and closed complex analytic subspace of points 
xeX with f{x) = c, and W VJ \x c = ^ f _ c (Q v [dhaV])\x c for each c G f(X), 
where Qy[dimF] is the constant perverse sheaf on V, and <P P f_ c ■ Perv(V) — > 
Perv(/ _1 (c)) is the vanishing cycle functor for / — c : V — > C. See 32] for an 
introduction to perverse sheaves, and an explanation of this notation. 
We will consider the following questions: 

Question 1.1. (a) Let V be a complex manifold, f : V — > C a holomorphic 
function, and X — Crit(/). Suppose $ : V — > V is a biholomorphism defined 
near X with f o $ = f and $|x = idx- Then as in Definition 12.171 we can 
define a natural isomorphism : Wyj — > Wyp the action of the symmetry 
$ of (V, f) on the perverse sheaf of vanishing cycles VV V f. 

What can we say about $», for instance, when is <1>* is the identity? 

(b) For V, f,X as above, to what extent is W V f invariant under changes to f 
away from X ? 

(c) Let W be a complex manifold, V C W a complex submanifold, and g : 
W — > C be holomorphic, so that f '■— g\v '■ V — > C is also holomorphic. Write 
X = Crit(/) and Y = Crit(g), as complex analytic subspaces of V,W, and 
suppose X = Y. Then Wy f and VV^/g are both perverse sheaves on X. 
What is the relation between them? 
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(d) Let X be a complex analytic space, V, W be complex manifolds, f : V — > C, 
g : W — > C be holomorphic functions, and j : X — > Crit(/), k : X — > Cvit(g) be 
isomorphisms of complex analytic spaces. Then j* (VV V j) and k*(W^ g ) are 
both perverse sheaves on X . What is the relation between them? 

Our main results, Theorems 13.11 14.11 15. 1115. 21 and 16.11 16.41 16.71 respectively, 
present our answers to Question II . If aWd) . In brief, they say: 

(a) In Question 11.1( a). d^l^vix : TV\x —> TV\x is an automorphism of the 
vector bundle TV\x on X, so it has a determinant det(d$|js:) : X C \ 
{0}. In fact det(d$|x) maps to {±1} in C\{0}, and $* : VV' VJ -> PV' VJ 
is multiplication by det(d$|x)- 

(b) Let V be a complex manifold, / : V — > C be holomorphic, and X = 
Crit(/). Write Ix for the ideal of holomorphic functions on V vanishing 
on X. Suppose g : V — > C is holomorphic with f + 1% — 9 + Ix- Then 
Crit(g) = X near X, so making V smaller we can suppose Crit(<?) = X. 
There is a natural isomorphism 

A/, ff : W'vj — ► VV' v . g . 

These A/ ]9 are functorial, i.e. Af^ = A g j t o A/ )9 , A 9 j = A~j g , Afj = id. 

(c) In Question ll.lf c) , locally there exist biholomorphisms W = V x C" 
identifying V with V x {0} and g : W -> C with / ffl zf + • • • + : 
FxC-J C. So locally we have isomorphisms of perverse sheaves 

w'vj si vv Vt} ®vv cn<zl+ ... +zl = rv' VxCnja4+ ... +z?t s PV^ i9 , 

(1.1) 

using Wqt, z 2^ Vz i = Q{o} hi the first step, and the Thom-Sebastiani 

Theorem for perverse sheaves in the second. 

This local isomorphism V Vy t = W^y g m Ijl-ip is only natural up to 

sign, as 'PV*™ Z 2 H hz2 = Q{o} is only natural up to sign, where the sign 

depends on an orientation for the complex Euclidean space (C™, dzf + • ■ • + 
dz 2 ). Globally, there is a natural isomorphism 

0/, S : VVvj —> VV Wig ®z 2 Pf, g , 

where P/ i9 — > X is a principal Z2-bundle parametrizing choices of orien- 
tation of a nondegenerate holomorphic quadratic form q on v\x, with v 
the normal bundle of V in W, and roughly q = d 2 g\ v \ x . 

These O / i9 are functorial, in that if U C V is a complex submanifold and 
e = has Crit(e) = X, then there is a natural isomorphism of Z2- 
bundles S e .y j9 ■ Pe,g Pf,g ®z 2 -Pe,/ which makes the following commute: 

PK,e S ®^ 

^VV, 9 ®Z 2 Pe,g ' d8B °' / - » PVV l9 ®Z 2 Pf, fl ®Z 2 Pe,/. 
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(d) In Question ll.lf cO. we call (V, f,j), (W, g, k) compatible if locally near each 
point of Crit(/) in V there exist holomorphic $ : V — »■ W with $ o j = k 
and / + I^f = go$ + . , where Id / is the ideal of holomorphic functions 
on V vanishing on Crit(/). Compatibility is an equivalence relation. 

If (V, /, j) and (W, g, k) are compatible there is a natural isomorphism 

where Q/, g — > X is a principal Z2-bundle similar to P/ j9 in (c). 

These Af, g are functorial, in that if (U,e,i),(V,f,j),(W,g,k) are com- 
patible we have a canonical isomorphism r e ./ iff : Q e . g — > Qf, g <S>z 2 Qe./ of 
principal Z 2 -bundles over X, and a commutative diagram in Perv(X): 



|Ae, 9 



id®r c 



^fiWyj)®^ Q eJ 

A /iS ®id Qe / | 



Here in part (c), passing from / : V -> C to g = /fflz^H : x C" -)• C 

is an important idea in singularity theory, as in Arnold et al. [T] for instance. It 
is known as stabilization, and / and g are called stably equivalent. So, Question 
ll.lf c) involves the behaviour of perverse sheaves of vanishing cycles behave 
under stabilization. 

We also generalize our results to Saito's mixed Hodge modules. Mixed Hodge 
modules are perverse sheaves with extra Hodge-theoretic information. The gen- 
eralizations of our main theorems from perverse sheaves to mixed Hodge mod- 
ules are more-or-less immediate, and are included in Theorems I3.1[ 14. 1[ 15.21 and 
16.71 One advantage of working with mixed Hodge modules rather than perverse 
sheaves is that the cohomology groups of the former admit weight polynomials 
which behave motivically (additively over strata), which is not true for Poincare 
polynomials of perverse sheaves. Thus, this allows one to do computations over 
stratifications, restoring the advantage of the Behrend function approach. 

These questions arose in the authors' work on categorification of Donaldson- 
Thomas invariants of Calabi-Yau 3-folds in algebraic geometry [HIE] , which was 
inspired by earlier work of Behrend and Fantechi [3] , Dimca and Szendroi 9 , and 
Kontsevich and Soibelman [IS]. Let Z be a Calabi-Yau 3-fold over C, and M a 
proper moduli C-scheme of stable coherent sheaves on Z. As in Thomas [29], one 
can define a virtual cycle [A / (] vlrt G Aq(A4) for M, and the Donalds on- Thomas 
invariant is DT(A4) = Jj^jvirt 1 € Z. Behrend [2] showed that we may write 
DT(Ai) as a weighted Euler characteristic DT(M) = x(A / (,^») where vm is 
the Behrend function, a Z- valued constructible function on the C-scheme M.. 

Joyce and Song [Til Th. 5.4] (see also [6]) showed that we may cover M. by 
complex analytic open neighbourhoods U C M. with isomorphisms of complex 
analytic spaces U = Crit(/), for / : V — » C a holomorphic function on a complex 
manifold V. Thus we have a perverse sheaf of vanishing cycles Vy := "PVy t on 
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U C A4. By Behrend [2 , §1.2], the pointwise Euler characteristics of Vy satisfy 
x(n*(V' u ) x ) =u M (x) forxeU. 

Joyce and Song [TTJ Question 5.7(a)] asked whether it is possible to glue 
the perverse sheaves V u . for an open cover Ui C A4 for i G / to obtain a 
canonical global perverse sheaf 7-*^ on .M, whose hypercohomology H^T-^) 
would then satisfy X^'Vm)) = DT(M), so that V' M is a 'categorification' 
of the Behrend function vm, and the graded vector space W{T* M ) is a 'cate- 
gorification' of the Donaldson-Thomas invariant DT{M). We will show in [6 
that the answer to this is yes, provided we choose extra 'orientation data' on 
M, following Kontsevich and Soibclman [T3J §5]. In [7] we also study a related 
categorification problem for intersections of complex Lagrangians in complex 
symplectic manifolds. Both of [6l[7] rely on the results of this paper. 

To carry out this categorification programme, given open Ui,Uj C M with 
isomorphisms Ui = Crit(/t), Uj = Crit(/j) for holomorphic /, : V% — > C and 
fj : Vj — > C, we have to understand whether the perverse sheaves V u . = VVy. j. 
on Ui and V u . = Wyj on Uj are isomorphic over Ui f*)Uj, and if so, whether 
the isomorphism is canonical, for only then can we hope to glue the V^. for 

1 £ I to make V* M . Studying these issues led to this paper. 

While writing this paper, the authors learned that Y.-H. Kiem and J. Li 
have independently obtained some related results. 

Acknowledgements. We would like to thank Alexandru Dimca, Kevin Mc- 
Gerty, and Jorg Schiirmann for useful conversations. This research was sup- 
ported by EPSRC Programme Grant EP/I033343/1 on 'Motivic invariants and 
categorification' . 

2 Background material 

Sections l2 . 1H2 ,6l recall some definitions and useful results about perverse sheaves. 
We restrict to perverse sheaves with Q-coefficients. A good introductory ref- 
erence on perverse sheaves is Dimca i8.. Three other books are Kashiwara 
and Schapira |12j . Schiirmann [2S], and Hotta, Tanisaki and Takeuchi [TP] , 
Massey [T7] and Rietsch [3T] are surveys on perverse sheaves, and Beilinson, 
Bernstein and Deligne [5] is an important primary source. Section 12.71 briefly 
discusses mixed Hodge modules, following Saito [2"2"H2"5"] . 

2.1 Constructible sheaves and constructible complexes 

We begin by discussing constructible complexes, following Dimca [H §2— §4] . 

Definition 2.1. Let A be a complex analytic space. Consider sheaves of Q- 
vector spaces A on X. A sheaf A is called constructible if there is a locally 
finite stratification X — Yljej °f m ^ ne complex analytic topology, such 
that A\xj is a Q-local system for all j G J, and all the stalks A x for i£l are 
finite-dimensional Q-vector spaces. 
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Write D(X) for the derived category of complexes A* of sheaves of Q- vector 
spaces on X. Write D h c {X) for the full subcategory of bounded complexes A* 
in D(X) whose cohomology sheaves H m (A') are constructible for all m G Z. 
Then D(X), D b (X) are triangulated categories. An example of a constructible 
complex on X is the constant sheaf Q x on X with fibre Q at each point. 

i L 
Grothendieck's "six operations on sheaves" f*,f ,Rf it ,Rft,lZ'Hom,® act 

on D(X), and under extra conditions also act on D b c (X). That is, if / : X — > Y 

is a morphism of complex analytic spaces, then we have two different pullback 

functors f*,f : D{Y) -» D(X), which also map D b c (Y) -> D b c (X). Here /* is 

called the inverse image 8, §2.3], and / ! the exceptional inverse image [8j §3.2]. 

We also have two different pushforward functors Rf*,Rf\ : D(X) — > D(Y), 
where Rf* is called the direct image [HI §2.3] and is right adjoint to /* : D(Y) — > 
D(X), and Rf\ is called the direct image with proper supports [8j §2.3] and is 
left adjoint to f : D(Y) -> D(X). 

For constructible complexes in algebraic geometry, if / : X — > Y is a mor- 
phism of complex algebraic varieties, then i?/*, Rf\ also map D C {X) — > D b (Y). 
However, in the complex analytic context in which we work in this paper, 
i?/*,i?/t in general do not map D b (X) — > D b (Y) without extra assumptions 
on /. For example, if / : X — > Y is a proper morphism of complex analytic 
spaces, then Rf»,Rf\ map D b (X) -> D b {Y). More generally, if A* G D b {X) 
and / is proper on the support supp„4* then Rf*(A°), Rf\(A') G D b {Y). 

The only place below where we use i?/* (A* ) , Rf< (A* ) without / being proper 
on supp^l* is the definition of the nearby cycle functor ipf : D b (X) — > D b (Xo) 
in Definition 12. 11[ and Dimca [8, p. 103] proves ipf maps to D b (Xo) C D(Xo). 
So we will ignore this issue. 

For A*,B* in D b (X), we may form their left derived tensor product A*®B* 
in D b (X). Given complex analytic spaces X, Y and objects A* in D b (X) and 

B' in D b (Y), we define A* MB" = n* x {A') (g)7rf (S*) in x F), where 
7Tx ilxf-!!, 7Ty iIxF-^F are the projections. 

If X is a complex analytic space, there is a functor Dx : — > D b (X) op 
with B x ° = id : £>c(^) -> ^W, called Verrfier dwal%. 

Here are some properties of all these: 

Theorem 2.2. In the following, W, X,Y, Z are complex analytic spaces, and 
e,f,g,h,i are morphisms of complex analytic spaces, and all isomorphisms '=' 
of functors or objects are canonical. 

(i) For f : X — »■ Y and g :Y — J> Z, there are natural isomorphisms of functors 

R(g ° /)* - Rg* ° Rf*, R(g ° f)\ — Rg< ° Rf<, 

G?o/)* = /*<><?*, = 

(ii) // / : X — ;> 1" is proper then i?/* = 

(iii) If i : X ^ Y is inclusion of an open subset then i* = v . 

(iv) // / : X -> Y then Rf { ^ By o i?/,, o B x and /^D^ofoDy. 

(v) If V is a complex manifold then By(Q v ) = Qy[2dimT^]. 
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If i : X <^-> Y is inclusion of an open subset then we will write '|x' for 
i* : D b c (Y) -> £>£(X), so that _4 # | x = G L>£(X) for A' G 

Theorem I2.2f iii) shows we could have used v : D b c (Y) -4 £>c(X) instead. 

2.2 Perverse sheaves 

Next we explain perverse sheaves, following Dimca [5J §5]. 

Definition 2.3. Let X be a complex analytic space, and for each point x G X, 
let i,,; : * — » X map i a : * H> x. If .4* G D b (X), then the support supp™ A* and 
cosupport cosupp™ .A* of H m (A°) for to G Z are 

supp™ A' = {xeX :n m (i* x (A'))^0}, 
cosupp" 1 A* = {xeX :H m (^(A'))^0}, 

where {• • • } means the closure in X. Then cosupp™ A* = supp~" 1 U)x(A'). We 
call A' perverse, or a perverse sheaf, if for all to € Z we have dim supp - " 1 .4* ^ to 
and dim cosupp" 1 .4* ^ to, where by convention dim0 = — oo. (Here, and 
throughout, all dimensions are complex dimensions.) Note that perverse sheaves 
are actually complexes of sheaves, not sheaves. Write Perv(X) for the full sub- 
category of perverse sheaves in D b (X). Then Perv(JT) is an abelian category, 
which is the heart of a t-structure (the perverse t-structure) on D b c {X). 

Perverse sheaves have the following properties: 

Theorem 2.4. In the following, X,Y are complex analytic spaces, and f,i are 
morphisms of complex analytic spaces. 

(a) Verdier duality D x : D b c (X) -)• D b (X) maps Perv(X) -> Perv(X). 

(b) If i : X >• Y is inclusion of a closed subspace, and hence proper, then 
Ri* and Ri\ (which are naturally isomorphic) map Perv(JT) — > Perv(Y). Write 
Perv(y)x for the full subcategory of objects in Perv(K) supported on X . Then 
ffi* = Ri\ are equivalences of categories Perv(X) — ^ Pcrv(y)x- The restricted 
functors i*\p e Tv(Y) x , *'|pcrv(Y) x ma P Perv(F)x — > Perv(X), are naturally iso- 
morphic, and are quasi-inverses for : Perv(X) — > Perv(l")x- 

(c) // % : X <—> Y is inclusion of an open subspace then i* = \x and v (which 
are naturally isomorphic) map Perv(K) — > Perv(X). 

(d) i : D b (X) x D b (Y) -> D b c (X x Y) maps Perv(X) x Perv(F) -> Perv(Jf x 
Y). 

(e) Let V be a complex manifold. Then Qy [dim V] is perverse, where Q v is 
the constant sheaf on V with fibre Q, and [dim V] means shift by dim V in the 
triangulated category D b (X). 

The next result is proved by Beilinson, Bernstein and Deligne [5J Cor. 2.1.23, 
§2.2.19, & Th. 3.2.4] in the algebraic case and by Kashiwara and Schapira [HI 
Th. 10.2.9] in the analytic case; also Hotta et al. [TO] Prop. 8.1.26] prove part 
(i). The analogue for D b (X) or D(X) rather than Perv(X) is false. 



7 



Theorem 2.5. Let X be a complex analytic space. Then for each open U C X 
we have an abelian category Perv(£/) ; and for each inclusion of open sets V C 
U C X there is a functor |y : Perv(J7) -»■ Perv(V") by Theorem l2~ffi c). i/iis 
data forms a stack (a kind of sheaf of categories) on the topological space X . 
This implies that if {Ui : i £ 7} is an open cover of X, then: 

(i) Suppose V*, Q* £ Perv(JT), and we are gwen a$ : P'l^ — > Q*|(/i in Perv(L^) 
/or all i £ I with ol^tju — a j\uij ° n Uij = UiD Uj for all i,j £ /. Then there 
exists a unique a : V' —t Q° in Perv(X) with on = ot\u i f or a ^ i £ I- 

(ii) Suppose we are given V' £ Perv(L/j) for all i £ / and isomorphisms onj : 
P'lt/ij /or a// i,j £ I with a jk \u lJk ° a^la^ ° a ik \u ijk on U ljk = 
UiDUjnUk for all k £ I, and an = idp» . Then there exists V* in Perv(X), 
unique up to canonical isomorphism, with isomorphisms A : V*\\] i — > V* for 
each i £ J, satisfying ctij o = Aj|t4j for all i,j £ /. 

Corollary 2.6. Let X be a complex analytic space and a, j3 : V* — >• Q* 6e 

morphisms in Perv(X). T/ien /or eac/i to £ Z and x £ X we /iaue coho- 
mology sheaves Ti m {'P*) 1 'H m (Q m ), which are constructible sheaves on X, and 
stalks TL rn (V m ) x ,Tl. rn (Q m )x at x, which are finite- dimensional Q-vector spaces. 
So a, (3 induce morphisms H m (a) , H m {(3) : H m (V) -> Ti m (Q'), and linear 
maps H m (a) x ,H m (/3) x : H m (P') x -> H m (Q') x on stafe. 

Suppose H m (a) x = T-L m {P) x for all m £ Z and x £ X. T/ien a — j3. 

Proof. Suppose H m {a) x = n m {(3) x for all m £ Z and x £ X. This forces 
«x = Ac, as a x , Ac are supported at a point. Since a x , Ac are the germs of a, /3 
at x, a x — Ac implies that for each x £ X we can choose an open x £ [/ x C X 
with a|^ x = Ale/*- Then {L^ : x £ X} is an open cover of X. The uniqueness 
of a in Theorem 12. 5f i) now proves a — A d 

2.3 Milnor fibres 

The theory of nearby and vanishing cycles for perverse sheaves in ^2.4| -i )2.5l is a 
generalization of the classical theory of Milnor fibres, so we explain this first. 

Definition 2.7. Suppose V is a complex manifold, / : V — » C a holomorphic 
function, and x £ V. Let d{ , ) be a metric on V near x. For <5, e > 0, consider 
the holomorphic map 

$/,x : {y £^:d(x,y) < 5, < |/(y) - /(x)| < e} — > {z £ C : < |z| < e} 

given by $/ jX (y) — f{y) ~ f(%)- Milnor [18] shows that &f, x is a locally trivial 
smooth fibration provided < e <C <5 <C 1. The Milnor fibre MFt{x) is the fibre 
of 3?/^. It is a noncompact complex manifold of complex dimension dim V — 1, 
but the complex structure depends on choices of d, e, S. The underlying real 
manifold is independent of choices up to diffeomorphism. 

Parallel transport around the circle about 0in{z£C:0< z <e} induces a 
monodromy transformation [if : MFf(x) — > MFf(x), a diffeomorphism defined 
uniquely up to isotopy. 
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For applications to perverse sheaves, we are mainly interested in the rational 
cohomology H* (MFf(x); (Q>) of the Milnor fibre. The monodromy transforma- 
tion fif induces an isomorphism : H*[MFf{x); Q) — > H* (MFf(x);Q) , 
which is independent of choices. It is often convenient to work with the reduced 
cohomology H* (MF f (x); <Q>) , which may be defined by the long exact sequence 

■■■ + H i (*;Q)-£>-H i (MF f (x);Q) >F(MF/(i);Q) + H i+1 (*;Q) + ■ ■ ■ , 

where * is the point and ir : MFf(x) — > * the projection. The monodromy 
operator /i/* is also defined on H*(MF f (x);Q). 



Example 2.8. (a) Suppose V is a complex manifold, / : V — >■ C is holomorphic, 
and x G V is not a critical value of /, that is, d/| x ^ 0. Then MFf(x) is 
diffeomorphic to an open ball in c dimy_1 , and H* (M F f (x); Q) = 0. 

(b) Define / : C n -)• C by /(zi, . . . , z„) = zf + • • • + z\ forn > 1. Then the 
Milnor fibre MF/(0) is diffeomorphic to T 1 *^™ -1 , and so homotopic to S 11 ^ 1 , 
which gives 

W(MF f (0);Q)^\f i = jP(MF /( 0);Q)^ 

10, otherwise, 10, otherwise. 

Note that the isomorphism H n ~ 1 (Mi 7 /(0); <Q>) = Q is determined by a choice 
of orientation for 5 n_1 . This is related to the principal Z^-bundlc Pf_ g in Theo- 
rem [521 which parametrizes choices of orientation for a quadratic form q locally 
isomorphic to z\ H h z 2 . 

(c) Suppose / : C" — > C has an isolated critical point at a; = 0. Then Milnor [15] 
shows that the Milnor fibre MFf (0) is homotopic to a bouquet S n ~ 1 V- ■ ■ ViS n_1 
of m(/) spheres where is the Milnor number of / at 0. Thus 
H l (MF f (0); Q) is Q m(/) if i = n - 1 and otherwise. 

Here is the Thom-Sebastiani Theorem, proved by Thorn and Sebastiani [37] 
for isolated singularities, and by Sakamoto [33] in the general case. Related 
results about / ffl g are also sometimes called Thom-Sebastiani theorems. 

Theorem 2.9. Let f : C m — > C and g : C™ — > C be holomorphic, and define 
f ffl g : C m+ " -> C 6y 

(/ • • ■ ,x m ,yi, . . . ,y„) = f(xi,...,x m ) +g(y 1 ,...,y n ). 

Then the Milnor fibre MFf^ g (0) is homotopic to the join MFf(0) * MF g (Q) of 
MFf(0) and MF g (0). It follows that the reduced cohomology groups satisfy 

H l (MF ffBg (0);Q)= W (MF f (0); Q) ® Q H k (MF g (0); <Q>) . (2.1) 

j,k:i— j'+Zc+l 

Furthermore, the monodromy operator [itm g )* on H* (MFf^g(0);W is identi- 
fied with fj,f* Cg> under (|2.1|) . 
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Local biholomorphisms of V induce diffeomorphisms of Milnor fibres: 



Definition 2.10. Let V, W be complex manifolds, f : V C, g : W ^ C 
be holomorphic functions, x G X, and <!> : V —> W be a local biholomorphism 
defined near x in V with <&(x) = y and go$ = /. We will define a diffeomorphism 

of Milnor fibres $\ M F f {x) '■ MF f( x ) ~> MF g{v)- 

Choose a metric d on V near x, and let d! = 3>*(eJ) be the pushforward 
metric on W near y. Then for < e <C <5 <C 1, we may choose particular models 
for the Milnor fibres 

MF f (x) d > e > s = {v£V: d(x, v) < 6, f(v) - f(x) = e}, 
MF g (yf^ s = {w e W : d'(y, w) < 6, g(w) - g(y) = e}. 

Then <S>\ MFf(x)d , e , s : MF f (x) d ' e ' 5 -)• MF g (y) d ' > e > s is a diffeomorphism. 

Of course, there are many different models for the Milnor fibre MFf(x) as 
a subset of V, by choosing different metrics d and < f C i « 1. But these 
different models MFf(x),MFf(x)' are all diffeomorphic, with the diffeomor- 
phisms MFf(x) — > MFf(x)' unique up to isotopy. So, given arbitrary models 
MFf(x), MF g (y) for the Milnor fibres of /, g at x, y, we may define a diffeomor- 
phism §\mF;(x) '■ MFf{x) — > MF g (y) as the composition 

MF f (x) a > MF f {x) d ^ 5 lMF f^ d - € - s > MFg ( y }d',e,8 — ^ MF g (y), 

where a, /3 are diffeomorphisms between the different models of Milnor fibres, 
and are natural up to isotopy. 

Thus &\MFt{x) '■ MFf(x) — > MFg(y) is a diffeomorphism, which is unique 
up to isotopy. In particular, the induced morphism of reduced cohomology 
(^|mf / (x))* = H*(MF f (x),Q) -> H*(MF g (y),Q) is independent of choices. 

2.4 Nearby cycles and vanishing cycles 

We explain nearby cycles and vanishing cycles, as in Dimca [8, §4.2]. 

Definition 2.11. Let X be a complex analytic space, and / : X — > C a 
holomorphic function. Define Xq = / _1 (0), as a complex analytic space, and 
X* = X \ Xq, Consider the commutative diagram: 



— X — X* 



X* 



f 



{0} s-c-* c*-^ — 

Here i : Xq ^ X, j : X* <—} X are the inclusions, p : C* — > C* is the universal 
cover of C* = C \ {0}, and X* = X* x f,c*,p C* the corresponding cover of 
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X* , with covering map p : X* —> X*, and ir = j op. The nearby cycle functor 
ip f : D\{X) -> D b c (X ) is ipf = i* o Rir* o vr*. 

There is a natural transformation 3 : i* ipf between the functors i* , ipf : 
D b (X) -> D b c (X ). The vanishing cycle functor <j> f : D b c (X) ->• D b (X ) is a 
functor such that for every A* in D b (X) we have a distinguished triangle 

?(A') E(A '^ ipM') 4>M') > **(^') 

in D^(Xo). Following Dimca [8, p. 108], we write ipf><ftf f° r the shifted func- 
tors ^/ [-1], </>/[-!] : D b (X) -> £>*(X )^ 

The generator of Z = tti(C*) on C* induces a deck transformation 5c* ■ 
C* — > C* which lifts to a deck transformation ox* : X* — > X* with p o <5x* = P 
and / o ox* = #c* o /. As in Dimca [HI P- 103, p. 105], we can use 5x* to 
define natural transformations Mxj ■ ip p => ipf and Mxj ■ <f% (pj, called 
monodromy. They are generalizations of the monodromy transformations /i/* 
on H*(MF f (x);Q) and H*(MF f (x);Q) in 

Here are some properties of nearby and vanishing cycles: 

Theorem 2.12. (i) If X is a complex analytic space and f : X — > C is 

holomorphic, then ip p f ,(p p f : D b (X) ->• D b (X Q ) both map Perv(X) -> Perv(X ). 

(ii) If X is a complex analytic space and f : X — > C is holomorphic, then there 
are natural isomorphisms ipf o = B>Xo ° ipf and 4>f ° ^.x — ISxo ° <^/- 

(iii) Suppose $ : X — > Y is a proper morphism of complex analytic spaces, 
and g : Y —> C a holomorphic map. Write / = jo$:l->C, and Xq = 
/ _1 (0) £ X, Y a = g _1 (0) C and $ = $|x = -> >o- T/ien we We 
natural isomorphisms of functors D b (X) — > D b (Yo): 

i?($o)* o -0 9 = "0/ ° R®*, R($o)* °<P g = (t>f° R®*- 
Note too that = R<&\ and i?($ )* — -R(*o)i, as $0 are proper. 

We can describe how ip^,<Pj act on stalks of complexes in terms of Milnor 
fibres in JOl following Dimca [! Prop. 4.2.2, Ex. 4.2.3 & Ex. 4.2.6]. 

Theorem 2.13. Let V be a complex manifold, f : V — > C be holomorphic, and 
A' G D b (V). Then for all x G V with f{x) — and all m G Z we /iaue a 
natural isomorphism 

^(iP^A'^^W^iMFfix)^'). (2.2) 

flere MFf(x) = Bs(x)nf~ x (e) for < e < S < 1 is i/ie Milnor fibre of f, as in 
^2.31 and H* (MFf(x), A*) is the hypercohomology of A* restricted to MFf(x), 
and is independent of choices provided e, 5 are sufficiently small. 
When A* is the constant sheaf Qy, equation (|2.2I) becomes 

H m (ip p f (Q v )) x £ iJ m ~ 1 (MFf (x) , Q) , (2.3) 



11 



and for vanishing cycles 4> p we have similar isomorphisms 

U m {4> P f {^v)) x = H m ~ 1 (MFf(x),Q). (2.4) 

Furthermore, the actions of the monodromy operators Myj on the left hand 
sides of (|2.2I) — (]2 .4[) are identified with the automorphisms of the right hand sides 
induced by the monodromy transformation (if : MFf(x) — ¥ MFf(x). 

2.5 The perverse sheaf of vanishing cycles Wyj 

We can now define the main subject of this paper, the perverse sheaf of vanishing 
cycles Wy f for a holomorphic function / : V — > C. 

Definition 2.14. Let V be a complex manifold, and / :7-jCa holomorphic 
function. Write A = Crit(/), as a closed complex analytic subspace of V. As 
a map of topological spaces (though not necessarily as a morphism of complex 
analytic spaces), f\x ■ X — > C is locally constant, whose image f(X) is finite 
or countable. Thus we have a decomposition X = Ylcef(X) -^c, where X c is the 
open and closed complex analytic subspace of points x in X with f(x) = c. 

For each c G C, write V c = / (c) C V. Then as in H2AI we have a vanishing 
cycle functor <Aj_ c : Perv(V) — > Perv(V c ). So we may form </>j_ c (Qy[dim F]) in 
Perv(V c ), since Q^[dimV] G Peiv{V) by Theorem EE4Te) . 

Applying a shift to (|2.4|) shows that for all v G V c and m G Z we have 

H m ((f> p f _ c (Q v [dimV})) v Si H m - 1+dimV (MF f (v),®). (2.5) 

Suppose v € V c is not a critical point. Then Example I2.8f a) shows that 
H*(MF f (v);Q) = 0, so (JSHJ) gives H*(<j> p f _ c (Q v [dimV])) v = 0. Therefore 
0/_ c (Qy[dim V]) is supported on the closed subset X c — Crit(/) n V c in V c , 
where X c = unless c G f{X). That is, <^_ c (Q y [dimF]) lies in Perv(V c )x c - 

But Theorem[2]4fb) shows that Perv(V^)x c and Perv(A c ) are equivalent cat- 
egories, so we may regard (j) P j_ c (Qy [dim V]) as a perverse sheaf on X c . That is, 
we can consider 4? f _ c (Q v [dimV])\ Xc = i*x c ,v c (<t>f-Mv[&niV})) in Perv(A c ), 
where ix c .v c '■ A c — > V c is the inclusion morphism. 

As X = YicGf(X) Xc with each X c open and closed in X, we have Perv(A) = 
©ce/(X) P erv (A c )- Define the perverse sheaf of vanishing cycles W v j of V, f 
in Perv(A) to be VV' VJ = © c£/(x) ^ f _ c (Q v [dimV})\ Xc . That is, VV VJ is the 
unique perverse sheaf on X — Crit(/) with Wyj\ Xc — <^_ c (Qy [dim V])|x c 
for all c g f(X). Equation (|2.5I) now gives 

H m (PV V j) x = H m_1+dimV (AfF/(a;), Q) for all a; G A, m e Z. (2.6) 

For c G /(A), we have a monodromy operator Myj-c '■ 0/_ c (Qy [dim P^]) 
— > 0j_ c (Qy[dim V]), which restricts to <^_ c (Qy [dim V])|x c - Define the twisted 
monodromy operator Tyj : Wyj — > W v j by 

ryj\ Xc = (-l)^ v M V j. c \ Xc : 

<^_ c (Q y [dimF])| Xc — »-^_ c (Qy[dimV])|x e , ' 
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for each c £ f(X). Here 'twisted' refers to the sign (-l) dimV ' in (|27T) . We 
include this sign change as it makes monodromy act naturally under transfor- 
mations which change dimension — without it, equations (|5.3p and (|6.13l) below 
would only commute up to a sign (^—±^' iimW - dlmV j not commute — and it nor- 
malizes the monodromy of any nondegenerate quadratic form to be the identity, 
as in (12.91) . The sign (— l) dlmV ' also corresponds to the twist '(^ dimV)' in the 
definition (|2. 15|) of the mixed Hodge module of vanishing cycles T-LV V f in £12.71 
Under Verdier duality, we have Oy(Qy[diml/]) = QyfdimF] by Theorem 
E2V), soB Vc ((j? f _ c (Q v [dimV})) <f f _ c (Q v [dim V}) by Theorem EEJii). Ap- 
plying i* Xc Vc and using Dx c o i* x ^ v ^ = i' x ^ v ^ o EV c by Theorem 12. 2f iv) and 
i'x c v c — ix a ,V c on P erv (^c)x c by Theorem 12 .4f b) also gives 

B Xc (^ f _ c (Q v [dimV])\ Xc ) = cf> p f _ c (Q v [dimV})\ Xc . 

Summing over all c € f(X) yields an isomorphism J$x(PVy f) = W v t. 

There is a 'Thom-Sebastiani Theorem for perverse sheaves', due to Massey 
[T6] and Schurmann [25J Cor. 1.3.4]. Applied to VV' v j, it yields: 

Theorem 2.15. Let V, W be complex manifolds and f '■ V — > <C, g : W ^ C be 

holomorphic, so that fWg:VxW-^-<C is holomorphic with (/ EB g)(v,w) :— 
f(v) + g(w). Set X = Crit(/) and Y = Crit(<7) as complex analytic subspaces 
of V, W, so that Crit(/ W g) — X x Y . Then there is a natural isomorphism 

Wyxwjmg = VV V j I VV Wtg m Pcrv(A x Y), 

L 

identifying twisted monodromy operators Ty xW j Sg and Tvj^Tw, g in (|2.7p . 

Note that specializing to cohomology of stalks using (|2.6|) . we recover the 
classical Thom-Sebastiani Theorem, Theorem 12.91 



Example 2.16. Define / : C" -4 C by f(zi, . . . , z n ) = z\ H V z% for n > 1. 

Then Crit(/) = {0}, so z 2 + ... +z2 — (Qc [ n ])l{o} is a perverse sheaf on 

the point {0}. Also Example ESfb) shows that MF f (Q) = T*S n ~ 1 and gives 
an expression for H*(MF f (0);Q). Hence gives 




Therefore we have an isomorphism 



This isomorphism (|2.8|) is natural up to sign, as it depends on the isomorphism 
H n ~ 1 (S n , Q) = Q, which corresponds to a choice of orientation for 

One can show that the monodromy transformation /x/ : MF/(0) -4 MF/(0) 
acts on MF f (0) T*5" _1 as the map d(-l) : T*S n ~ 1 -4 J 1 *^™- 1 induced 
by —1 : -4 mapping —1 : (x\, . . . , x n ) ^4 (— x%, . . . , — x n ). This 
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multiplies orientations on S™" 1 by (-1)". Thus, /x/» : J2" n_1 (5 n-1 ,Q) -> 
H n_1 (5 n_1 ,Q) multiplies by (-1)". Theorem [27T31 now implies that the mon- 
odromy M c „ >2 2 + ... +2 2 acts on M* (VV' C n^ + „ .+^2)0 as (-1)". As PV'„ , 2 2 + ...+ z 2 
is supported at 0, this determines the action. Combining this with the sign 
change (— l) dlmy in (|2.7[) for V = C n shows that the twisted monodromy is 

T C r>,4+...+zl = id : W'„ z 2 + ... +2 2 — > VV' Cn z 2 + ... +zl . (2.9) 

Equations ((2~g|) - (j2l?l) also hold for n = 0, 1. 

2.6 Symmetries of perverse sheaves of vanishing cycles 

To prove our main results, if V, f, X and Wy j are as in Definition 12 . 141 and $ 
is a symmetry of (V, /) acting trivially on X, we will study the action of <£> on 
V V v f . We will need the following notation. 

Definition 2.17. Let V be a complex manifold, and f : V —> C a, holomorphic 
function, and set X = Crit(/), so that Definition ^. 14l defines the perverse sheaf 
of vanishing cycles Wy f in Perv(X). 

Suppose g : V — > C is another holomorphic function and $ : V —J- V is a 
local biholomorphism defined near X in V with go $ = / and $|x = id v. This 
implies that Crit(g) = X on the domain of $, so suppose Crit(g) = X. Define 
an isomorphism of perverse sheaves : Wy j — > Wy„ by the commutative 
diagram for each c G f(X) — g(X): 

■PV v j\x e = r f _ c (Qv[dimV])\ Xe (id*.). ° ^ f _ c (Q v [dimV\)\x e 

II 

^c)*°^ 9 _ c)o$ (Qy[dimy])|x c (2.10) 
V V'y g \ Xc = c (Qv [dim V] ) I Xc ^ <f g - c ° R$* (Qv [dim V] ) | Xc . 

Here we write $ c for the induced map $|j-i( c ) : / _1 (c) — » g _1 (c). The iso- 
morphism a comes from .4* = (idx c )*(A°) for A* € Perv(X c ). The top right 
equality in (12.10)) holds as § c \x c = idjc c and (g — c) o $ = / — c. The isomor- 
phism /3 comes from Theorem [2TT2](iii) , noting that $ is proper near X. The 
isomorphism 7 comes from i?$„(Qy[dimy]) = Qy[dimF] near X, as $ is a 
local biholomorphism. 

Here is an expression for how acts on the stalk of W v f at 3: £ X. For 
each m € Z we have a commutative diagram of isomorphisms 

nm ( VV 'v,f) x jgjj ff m - 1+dimV (MF / (a:),Q) 

l« m (*.)* _ (*Im F/( „),J (2.11) 

n m {W'y g ) x — H m - 1+dim v (MF g (x) , Q) , 

where the rows come from (12.61) . and <&\mf s (x) is as in Definition 12.101 
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These isomorphisms are functorial, and commute with monodromy. That 
is, if h : V — > C is another holomorphic function and ^ : V — >■ V a local 
biholomorphism defined near X with ho^ — g and W|x = idx, then 

($ o = o : VV'vj — > PV^ h . 

Also = and (idy), = id. 

Example 2.18. Define / : C n -)• C by f(zi, . . . , z n ) = z\ -\ h z%, so that 

PVj« z 2^ hz2 — Q{o} as m Example 12.161 Let A 6 0(n,C) be an orthogonal 

matrix, so that A : C™ — >• C n is a biholomorphism with / o A = f and ^4|{o} = 
id{ } . So Definition 12.171 defines an isomorphism 

A* : VV C n tZ * + ... +< — > PV£» ) , ;+ .„ +J ,,. (2.12) 

As above, A maps MF/(0) = r*^™" 1 to itself. One can show that the 
induced action {A\mfj(o))* on H* (MFf{x), Q) is multiplication by det ^4 = ±1. 
Thus (|2~TTj) shows ft m (A,) acts on H m (VV' Cn z 2 + ... +z2 ) by multiplication by 

detA, for each m G Z. Since "PV*,, Z 2 H hz2 is supported at a point, ^4* in 

(|2.12| is multiplication by det A = ±1. 

2.7 Mixed Hodge modules 

For a complex analytic space X, let MHM(X) denote Saito's category [2"2"ll2"3"] 
of mixed Hodge modules, and D b MHM(X) its derived category. Recall that 
there is a faithful and exact forgetful functor rat : MHM(X) — > Perv(X) to 
the category of perverse Q-sheaves on X in ^2.21 extending to a functor Rat : 
D b MHM(X) -> D b c (X). We spell out the faithfulness of rat, since it will be 
essential for us: it means that for all M±, M' £ MHM(X), we have an injection 

Hom M HM(X) {Ml M') ^ Hom Pcrv(x) (rat M*, rat M') . (2.13) 

Thus, a morphism in MHM(X) is uniquely determined by the underlying mor- 
phism of perverse sheaves. 

Mixed Hodge modules carry functorial weight nitrations, with graded pieces 
being objects in the category of pure Hodge modules HM(X) of [2"2"] . 

Theorem 2.19. The categories of mixed Hodge modules for complex analytic 
spaces have the following properties: 

(i) There is a duality functor ID>f : D b MHM(X) -> D b MEM(X) which pre- 
serves the abelian category MHM(X). 

(ii) There are tensor product and external tensor product functors 

d : D b MHM(X) x D b MHM(X) — ► D b MHM(X), 

I : D b MHM(X) x D b MHM(7) — > D b MHM(X x Y), 

both mapping MHM(-) x MHM(-) ->• MHM(-). 
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(iii) For a morphism f : X — > Y of complex analytic spaces, there are pullback 
functors f*,f : D b MHM(Y) -> D b MHM(X). 

(iv) For a closed embedding i : X —> Y, there is a pushforward functor Ri* = 
Ril : D b MHM(X) -> £> b MHM(F) iwWc/i maps MHM(l) to MHM(Y). 
iis image can be identified with the subcategory of MHM(V) of objects 
supported on X . More generally, for a proper morphism f : X — >• Y, i/iene 
are pushforward functors Rf*,Rf\ : D b MHM(J) -> L> b MHM(F). 

(v) j4Zi i/ie functors above are compatible with the corresponding functors on 
constructible complexes, via the forgetful functor rat. They also satisfy 
all the "six operations" identities. 

(vi) For smooth X, we have a canonical object Q^[dimX] in MHM(X). 

(vii) The category of mixed Hodge modules for X a point is canonically equiv- 
alent to Deligne 's category of mixed Hodge structures. 

(viii) Mixed Hodge modules form a stack: both objects and morphisms can be 
glued from compatible data on an open cover. 

Proof. Properties (i)-(vii) are standard and can be found in [23] • Property (viii) 
is proved in a general context in [23] Cor. 2.3] (in the algebraic category, but 
the axiomatic properties needed also hold in the analytic case). □ 

Remark 2.20. The theorem summarizes our notational conventions: Hodge- 
theoretic objects will be denoted by superscript (■ • • ) H whenever convenient to 
do so, but not at the expense of readability. 

It is important to note that in the analytic context, the pushforward of a 
mixed Hodge module under an arbitrary open embedding may not exist. 

Suppose that M* is a complex of mixed Hodge modules on a complex space 
X, and assume that the underlying Q-complex rat M * has finite-dimensional 
(hyper) cohomology groups H*(ratM"). Then the hypercohomology H*(M") 
carries a functorial mixed Hodge structure, in particular a weight filtration, and 
therefore has a weight polynomial. 

Example 2.21. Let tt : P 1 — > pt be the projection of the projective line to a 
point. Then in the category MHM(pt), in other words the category of mixed 
Hodge structures, we have a decomposition i?7r* (Qpi) = © T[— 2] of the co- 
homology of P 1 . Here T is the Lefschetz Hodge structure, a one-dimensional pure 
Hodge structure, which as usual we will denote by Q(l), and which admits an 
inverse under the tensor product. Then for any X with structure morphism 7r : 

X -> pt, and any M* £ D b MHMpf), we denote M'{n) = M'|)7r*(Q(l)®"). 

Next, we discuss nearby and vanishing cycle functors. To do this in a way 
consistent with monodromy, we need a mild extension of the category. For a 
complex analytic space X, denote by MHM(X; T s , N) the category of mixed 
Hodge modules M* on X with commuting actions of a finite order operator 
T s : M* ->■ M' and a locally nilpotent operator N : M* -)• M'(-l), and 
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D b MRM(X ;T S ,N) its derived category, following Saito [23 §4.2]. Theorem 
12.191 remains true in this context. 

L 

Note that the definition of the external tensor product HI on MHM(— ; T S ,N), 

L 

including the weight and Hodge nitrations on M' M M*, involves the action of 
the finite order endomorphism T s , as in Saito |25[ §5.1]. The forgetful func- 
tors MHM(-;T S ,N) MHM(-) do not map i on MHM(-;T s ,iV) to i on 

L 

MHM(-). We need this special definition of M on MHM(— ; T s , N) to correctly 
state the Thom-Sebastiani theorem for mixed Hodge modules [25l Th. 5.4], and 
its consequence Theorem 12.231 below. 

As in Saito [23], for holomorphic / : X — > C, the perverse nearby and 
vanishing cycle functors ip^, <fpj defined on perverse sheaves in q2.4l lift to functors 

tf H ,<f$ H ■ MHM(X) -> MHM(X ; T S ,N), where X = / _1 (0). The actions of 
the finite order and nilpotent operators T s , N are given by the semisimple part 
of the monodromy operator, and the logarithm of its unipotent part. 

Example 2.22. Define / : C -> C by f(z) = z 2 . Then Crit(/) = {0}, and 
we obtain an object 4^ H (Qc[^\) m MHM(pt; T s , N), a one-dimensional mixed 
Hodge structure with monodromy acting by — 1. For g : C 2 — > C given by 
g(z\, Z2) — z\ + z|, it is well known that 




with trivial monodromy action. Applying the Thom-Sebastiani formula for 
mixed Hodge modules [251 Th. 5.4], we see that 

^(Qc[i])®#?(Gc[i]) s G(-i) 

in the category MHM(pt; T S ,N). The objects Q(l) and Q(-l) thus admit square 
roots in this category, which we will denote by Q(^) and Q(— 5), where 

<?(Qc[l])=QH)- (2-14) 

Define an object Q(f ) £ MHM(pt; T S ,N) for each neZby Q(f ) = Q(±)®" 

for n ^ 0, and Q(§) = Q(— 5)® for n < 0. For any complex analytic space 
X with structure morphism tt : X -> pt, and any M* G Z? h MHM(1; T s , iV), 

we define the f twist 0/ M* to be M*(|) = M ' (Q(f )) . This is consistent 
with the notation M*(n) in Example 12.211 

Let V be a complex manifold, / : V — ?> C a holomorphic function, and 
X = Crit(/) its critical locus, as a complex analytic subspace of V. The perverse 
sheaf of vanishing cycles Wy f € Perv(X) from H2.5l has a lift to a mixed Hodge 
module HV VJ in MHM(A; T s , N), defined for each c G f{X) by 

nV' VJ \x a = ^ H c (Q^[dimy])| Xc (idim^) G MHM(X C ; T s , N). (2.15) 
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Here the twist (|dimy) in (|2.15p . using the notation of Example 12.221 is in- 
cluded for the same reason as the (— l) dlmV in the definition (|2.7[) of ry,/- It 
makes HVy j act naturally under transformations which change dimension — 
without it, equations (15.7[) and (|6.15[) below would have to include twists (\n) 
for n = dimW - dimV. Then HV VJ , T s : HV' vf -> HV'yj and iV : %Vy (/ -> 
are related to PV^j and r V) / : PVy'y -> PVyj in 823] by 

PV V)/ = rat(nVvj) and r yj = rat(T s ) o exp(rat(iV)) . 

There is a Thom-Sebastiani Theorem for mixed Hodge modules due to Saito 
[251 Th. 5.4]. Applied to HVyj, it yields an analogue of Theorem l2~T5l 

Theorem 2.23. Let V, W be complex manifolds and f : V — > C, g : W — > C be 

holomorphic, so that /EHgiVxW^— >C is holomorphic with (/ EH g)(v, w) :— 
f(v) + g(w). Set X = Crit(/) and Y = Crit(g) as complex analytic subspaces 
of V, W, so that Crit(/ EH g) — X x Y . Then there is a natural isomorphism 

HV VxW j mg ^HV VJ MHV W!g in MHM(X x Y;T S ,N). (2.16) 



Note that this includes the analogue of Ty x w,fSg — T vj ^ T w,g in Theorem 
l2~T5l as (j2~T6| holds in MHM(X x Y; T S ,N) rather than just MHM(X x Y), In 
this paper we will only ever apply Theorem l2.23l when W = C™, g = z\ + • • ' + z„ 
and Y = {0}. Combining (f2T4"]) and ([2~T5)l shows that 

WV£ j ^ = (Q(-§))(|)SQ(0)SQf 0} . 

Thus, by Theorem Q_f 0} [I Qf 0} S <Q^ } , and induction on n, we see that 

nV cnA+ ... +< ^Q? 0} . (2.17) 

As for (|2.8I) . this isomorphism is natural up to sign, depending on a choice of 
orientation for the complex Euclidean space (C™, dzf + ■ ■ ■ + dz^). 

In the situation of £ )2.6[ given two holomorphic functions /, g : V — > C and a 
local biholomorphism $ : V — » V defined near X — Crit(/) in V with g o $ = / 
and $|x = idx, we have an induced map : HVy j —> HVy g , defined by an 
analogous diagram to (|2.10j) . 

3 Action of symmetries on vanishing cycles 

Here is our first main result, which answers Question II .If a). 

Theorem 3.1. Let V be a complex manifold, f : V — > C be holomorphic, and 
X = Crit(/), as a complex analytic subspace of V . Suppose $ : V —> V is a 
local biholomorphism defined near X with $|x = idx and f o $ = /. Then: 
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(a) As $ is a local biholomorphism, d$ : TV — > $*(TV) is an isomorphism 
of vector bundles. Restricting to X gives 

d$| x : TV\ X — > *|^(TK) = id^ (IV) = 7V| X , 

an automorphism of the vector bundle TV\x on X. Hence det(d<&|x) : 
X — >• C \ {0} is a holomorphic map of complex analytic spaces. 

Then det(d$ |x) maps X — > {±1} C C \ {0}, and is locally constant. 

(b) The isomorphism : Wy t — > PVy y m Definition 12 . 1 71 its multiplication 
by det(d$|x) : X -> {±1} /ram (a). 

(c) TTie isomorphism <fr^ : HVy * — > HVy * o/ tte mixed Hodge module of 
vanishing cycles defined at the end of WZ.lM s multiplication by det(d$|x) : 
X -> {±1} from (a). 



Here when we say $ : V — > V is a local biholomorphism defined near X, 
we mean there is an open neighbourhood U of X in V and a holomorphic map 
$ : U — s- V with U' — &(U) open in V and $ : [/ — > U' a biholomorphism, that 
is, a holomorphic map with holomorphic inverse. We generally leave the domain 
U of <£> implicit, for brevity. We prove parts (a) and (b)-(c) in UJTTJ-SJXU 



3.1 Part (a): det(d$| x ) = ±1 

We work in the situation of Theorem 13.11 For x 6 X C V, we have an exact 
sequence of vector spaces 

>T X X *-T x V HcSSx/ > T*V ^T*X *-0, (3.1) 

where T X X is the Zariski tangent space of X as a complex analytic space, and 
HesSa; / = (d 2 f)\ x is the Hessian of / at x. The action of $ on V near x induces 
an automorphism of (13.11) . giving a diagram: 



T X X 



■T X V 



TZV ■ 



d(*|x)|« 
=id Tx x 



TrX 




T1X 



(d^U)!" 1 )* 
=id T » x 



(3.2) 



t:x 



Here the outer columns are identities as <S>\x = idx, and the outer squares 
obviously commute. We can show the central square commutes by taking second 
derivatives of / o $ = / to get d 2 f\ x o (d§\ x ® d$| x ) = d 2 f\ x , and composing 
with idigid^l" 1 . Thus (|3.2|) is commutative. 

By elementary linear algebra, one can show that if (E',d) is a finite exact 
sequence of hnite-dimensional vector spaces and <f>* : E' — s> E* is a chain map 
then J] fc odd det <t> k = IL oven det k - ApPb^ng tllis to (ED shows that 

det(id Tx x) dct((d$|- 1 )*) = dct(d$| x ) det(id Tx *x). (3.3) 
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But det((d$|" 1 )*) =det(d$|- 1 ) = dct(d$| a; )- 1 and det(id T ,x) = det(id T » x ) = 
1, so (|33]| gives det(d$| x ) = det(d$U)^ 1 , so that det(d$| ;c ) = ±1. 

The same argument works with (analytic) coherent sheaves on X. The 
analogue of (|3.1j) is an exact sequence of coherent sheaves on X: 



0- 



■TX ■ 



TV 



(Hess/)|x 



A' 



x 



■T*X 



0, 



where TX := (T*X) V and T*X are the tangent and cotangent sheaves of the 
complex analytic space X, and the analogue of (|3.2|) is the commutative diagram 
of coherent sheaves 



0- 



TX 



■TV\ 



d(*|x) 
=id TX 



d* 



TX 



■TV\ 



x 



x 



(Hess/)| x 
(Hess/) | x 



■T*V\ X 

(dfli 1 )* 

■T*V\ X 



■T*X 







C d .(fW~T (3.4) 



■T*X 



0. 



We can make sense of the determinants of the columns in (|3.4[) using the 
theory of determinant line bundles of coherent sheaves, introduced by Knudscn 
and Mumford [15] . The main points are these: 

(i) to any coherent sheaf £ on X we can associate a determinant line bundle 
det£, a holomorphic line bundle on X. If £ is (locally) equivalent in 
D b coh(X) to a bounded complex (J 7 *, d) with T* locally free, then there 
is a (local) canonical isomorphism det£ = ®fcez(-^ t ° P ^ 7fc )''~ 1 ' ) ■ 

(ii) If — >• £ — >J r ^^^0is exact in coh(X), there is a canonical isomor- 
phism det T = det £ <g> det . 

(hi) If a : £ — s* T is an isomorphism in coh(X), there is a natural isomorphism 
det a : det £ — > det J 7 . These are functorial, that is, if j3 : J- — > Q is 
another isomorphism then det(/3 o a) = (det (3) o (det a). 

If a : £ — !• £ is an isomorphism then det a : det £ — > det £ is an automor- 
phism of the line bundle det £, so it is multiplication by a holomorphic 
function X — >• C \ {0}, which we will also refer to as det a. 

The elementary linear algebra used above also holds for coherent sheaves. 
So from (|3.4[) we deduce the analogue of (|3.3[) . in functions X — > C \ {0}: 

det(idxx) det((d$| x 1 )*) = det(d$|x) det(id T *x). 

As before we deduce that det(d<I>|x) = det(d<I>|x)~ 1 , which implies that as a 
morphism of complex analytic spaces, clet (d^lj^) maps to {±1} in C\{0}, and 
is locally constant. This proves Theorem [3Tja). 

Remark 3.2. The above proof is also valid in the algebraic rather than the 
analytic context, for schemes over a field K, in the Zariski topology. 
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3.2 Parts (b)-(c): is multiplication by det(d$|x) 

Proposition 3.3. Let V be a complex manifold, f : V — > C be holomorphic, 
X = Crit(/) as a complex analytic subspace of V, and x G X. Suppose $ : 
V — > V is a local biholomorphism defined near x with <5>\x = idx and f o $ = 
/. Then dct(d$U) = ±1 as in gXTJ and (®\ M F f ( x ))* ■ H*(MF f (x),Q) -> 
H*(MFf(x),Q) in Definition 12.101 is multiplication by det(d$| K ) . 

Assuming Proposition 13. 31 we will prove Theorem 13. lf b)-(c) . In the situa- 
tion of Theorem 13.11 define morphisms a, (3 : Wy * — > "PVy t in Perv(A) by 
a = and (3 is multiplication by det(d$|x) : X — > {±1}. For each x £ X and 
m G Z, we have isomorphisms 

n m (a) x ,n m ((3) x : n m (vv VJ ) x — > ^(pv^),. 

Combining Proposition 13.31 the commutativity of ()2.11|) . and a = $*, shows 
that T-L m {a) x is multiplication by det(d$| x ). But H m ((3) x is also multiplication 
by dct(d$U). So H m {a) x = U m {fi) x for all i,m, and Corollary CS0 shows that 
a = f3, proving Theorem 13. lf b). 

Now Theorem I3.1f c) simply follows from the fact that the map <£>^ has 
underlying map on the perverse sheaf level, that is, rat($^) = <!>*. Since 
the forgetful functor rat is faithful, as in (|2.13[) . = det (d^l^) • implies that 
&f = det(d<6| x V, as we have to prove. 

It remains to prove Proposition ^. 31 We begin with the following lemma: 

Lemma 3.4. Let V be a complex manifold, f : V — > C be holomorphic, and 
X = Crit(/) as a complex analytic subspace of V . Suppose <& : V — > V is 
a local biholomorphism defined near x G V with = x, and d^l^y = 

id Tl y : T X V -> T X V, and f o $ = /. Then $\mf } {x) ■ MF f (x) -> MFf (x) in 
Definition 12.101 is isotopic to the identity, so ($|mF/(x))* : H*(MFf(x),Q) — > 
H*(MF f (x),Q) is also the identity. 

Proof. Informally, the lemma holds because MFf(x) is basically a submani- 
fold of T X V, so d$|T x v = idr^v implies that $|mf / (k) acts as the identity on 
MFf(x), up to isotopy. 

More formally, choose a metric d on V and < e < i < J' <Cl. Then we 
have two different models for the Milnor fibre MFf(x): 

MFf(x) d,e,s = {vtV: d(x,v) < 6, f(v) - f(x) = e}, 
MF f (x) d ' £ ' 5 ' = {v<EV : d(x,v) < 6', f(v) - f(x) = e}. 

Since Q(x) — x and 6 <C 6' we have &(Bs(x)) C Bs'(x), so as / o $ = / we see 
that <f>(MF f (x) d ' e ' S ) C MF f (x) d ' e ' 5 ' . Also MF s {x) d - e - s C MF s {x) d ^ 5 ' as S « 
5'. Hence ^\ MFj ^d,^,s and id MF ^d.e.s are both smooth maps MFf(x) d ' e ' S — > 
MFf(x) d ' e ' S . We will show they are isotopic amongst such smooth maps. 

Identify V near x with T X V near 0, so that we treat points of V as vectors, 
and choose a Euclidean metric on T X V, so that we can turn the 1-form d/ 
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into a vector field V/. For G : MF f (x) d > e > s x [0, 1] -> E smooth, define F : 
MF f (x) d ' e ' S x [0, f ] -> 7 by F(v) = (I - t)$(v) +tv + G(v, t) (V/)(u). 

Using local estimates for /, V/, V 2 /, $, V$, V 2< £>, we can show that provided 
e,S are chosen with < e <C <5 -C 1, there is a unique G, given approximately 
byG(M) « [e + /(x)-/((f-i)$( V )+to)]/|(V/)(«)| 2 , satisfying G(«,0) = 
f ) = for all v, for which foF = e+f(x). If also 6 -C 6' -C 1 then F maps to 
MF f (x) d ' e ' 5 ' C V. Therefore F : MF f (x) d ' e ' S x [0, 1] MF f (x) d ' e ' 5 ' is smooth 
with F(u,0) = $(v) and F(u, 1) = u for all v e MF f (x) d < £ > 5 . Thus, F is an 
isotopy from $\MF f (x) d >*> 6 to idj^i?, (x) d > e > ,! through smooth maps MFf(x) d ' e ' S — > 
MF f (x) d ' e ' S ' , and $\ M f,(x) '■ MF f( x ) -> MF f( x ) is isotopic to the identity. □ 

This implies that in the situation of Proposition 13 . 31 considering V, /, x as 
fixed but $ : V -» V as varying, the action (^Imf,^))* : H*(MF f (x),Q) 
H*(MF f (x),Q) depends only $ only via d$| K : T X X ->• T^X, since if $' is an 
alternative choice with d$'| x = then 

(*W,(x)), = (*Ijio>(*)), ° °*'W,(x)), = (*Imj>(x)), °id 

= ($|mf /( x))* : H*(MFf(x), Q) — ► H*(MF f (x),Q), 

using functoriality of pushforwards in the first step and applying Lemma l3.4l to 
$ -1 o $' in the second, noting that d($ -1 o $')| x = id as d$'|x = d$| x . 

Fix V, f and x £ X as above. We will describe the subgroup of elements 
Aut(T x X) of the form d$| x : T X X -> T X X, for $ : V V a local biholomor- 
phism defined near a: with $|x = idx and / o $ = /. The Zariski tangent 
space T x Jf is a vector subspace of T X V . Choose a complementary vector space 
(TzX) 1 - with T X V = T X X © (T^X)- 1 , and let T*V = T*X © (T^X) 1 - be the 
corresponding splitting of T*V . Then 

S 2 {T*V) = S 2 T*X © S^T^X) 1 - © (T*X © (T*X)^). (3.5) 

Exactness of (|3.ip implies that under the splitting (|3.5|) we may write 

Hes S;c / = a 2 /U = (0,g x ,0), (3.6) 

where q x G S 2 (T*X) is a nondegenerate quadratic form on (T X X) ± . 

Now let $ : V —> V be a local biholomorphism defined near x with $|x = idjc 
and / o $ = /. Then we have a commutative diagram with exact rows: 



T X X ■ 



T X V = 

, 'T X X®(T X X) ± T~. ■ 



d*U= 



(T X X) 



( d *U)|T :c A'=idT a: X 



T X X 







T X V = 

TxX^iTxX) 1 - 



id 



(T X X)^ 0, 
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Here d$\ x preserves the subspace T X X C T X V and is the identity there, as 
$|x = idx- Hence d$\ x is of the form ('q s) as shown, for linear A : (TxX) 1 - -> 
T X X and B : (T^X) 1 - -> (T X X) ± . Also d$U preserves Hess^ / on T X V, as 
/ o $ = /. So (|3.6p implies that £? preserves the nondegenerate quadratic form 
q x on {TxX) 1 - . That is, £> is a complex orthogonal matrix in 0({T x X)^ , q x ) . 

In the next part of the proof, with V, /, x fixed, we will construct explicit 
examples of <3> with d$>\ x = ('q s) for any B <E 0((T a Jf)- L , q x ) . Locally near 
x 6 V, choose a splitting T*V = E © F for E, F holomorphic vector bundles 
with E\ x = T* X X and F\ x = (T* X X)^. Then df G H°(T*V) splits as d/ = affi£ 
for a G and /3 G H°(F), and X is defined by a = /3 = 0. Since 

HesSa: / = <9(d/)| a is nondegenerate on (T^X)- 1 , we see that V/3| K : T X V — > F\ x 
induces an isomorphism (TxX) 1 - — > F\ x , so V(3\ x is surjective. 

Therefore /3 -1 (0) is a submanifold of V near x. So we can choose an open 
neighbourhood V of x in V such that J5, F, a, /? are defined on V, and .XTl V = 
{v £ V : a(v) = (3(v) = 0}, and the complex analytic subspace U — {v £ V : 
f3(v) = 0} is a submanifold of V. Set e = : U — > C. Then the natural 
isomorphism T*U ^ E\ v identifies de G H°(T*U) with a\u £ H°(E\u). 

Now X n V is the complex analytic subspace of V defined by a — (3 = 0, 
as df = a © /3. Also Crit(e) is the complex analytic subspace of [/ defined 
by a — 0, and t/ is the complex submanifold of V defined by j3 — 0. Hence 
Crit(e) = Ifl7' as complex analytic subspaces of V. The proof of Theorem 
I5.1f i) in i j5. II below therefore shows that there exists a local biholomorphism <!» : 
V —> U x C" defined near x G V, where n — dim V — dim U with f : u h> (u,0) 

for u e U, and if ty(v) = (u, (z\, . . . , z n )) then /(u) = e(u) + zf H hz 2 . That 

is, * identifies / : V -> C with e ffl z^ H h ^ : [7 x C n ->■ C. Also, 

d*| x : T X V = T X A © (TxJT) 1 " — > T (:C; o)(C/ x C n ) = T X C/ © T C n 

identifies T X A = T x [7 and (T^X) 1 - = T C™ ^ C" and G S^T^X) 1 - with 
dz^ + '-' + dz" in S 2 (T *C n ). 

Let B G 0((T 2; X) ± ,< ?:E ). Then the isomorphism (T^X) 1 - = C™ identifies S 
with a unique orthogonal matrix C G 0(n, C). Define a local biholomorphism 
$ : V ^ V near x by $ = vj/- 1 o (idu xC) o <£. Then $|x = idx as C 
U x {0} and idu xC|;7x{o} = id(7x{o}, and 

/o$ = /or 1 o (idy xC*) o * = (e ffl + • • • + zl) o (idu xC) o * 
= (e ffl z x 2 + • • • + zl) o * = /. 
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On reduced cohomology of Milnor fibres we have a commutative diagram: 



(3.7) 



H*(MF f (x);Q) ^H*(MF f (x)-A 

(*UfF / (x))« ' t_1 ' MF e i J 2 + ... + 2 2( 1 '")^ 

H* (MF emzl+ ... +zl (x, 0); <Q>) H* (A/F efflz?+ ... +z , (a;, 0); < 

(id[/ Imf c (x))*<S> 

H*(MF e (x);Q)® q ^'^...^m)* H*(MF e (x);®)® Q 

H*(MF z}+ ... +z?i (0);Q) ^ H*{MF zl+ .,. +z ,(0);q), 

where the isomorphisms (|2.1[) are as in Theorem 12.91 On the bottom line, 
(id;/ \mf c (x))* — id, and (C|m^ 2 2 (o))* i s multiplication by det C = ±1 on 

H* (MF z 2 + ... +z 2 i (0);Q) ^ Q, as in Example CHS Hence ($\ M F f (x))* in dSj]) is 
multiplication by det C. But d$| x = ('q B) an d det-B = det C, so (&\MF f (x))* 
is multiplication by det(d < 5>| a; ). 

We have now proved that for each choice of (X^X) 1 - C T X V with T X V = 
T X X (B (T X X) and each B 6 0((T x X) ± ,q x ), we can construct an exam- 
ple of a local biholomorphism <£> : V — > V defined near x with $|x = idx 
and / o $ = /, such that d$\ x = (q s) in the splitting T X V = T X X 
{T X X) L , and ($\ M F f (x))* ■ H*(MF f (x),Q) -> H*(MF f (x),Q) is multiplication 
by det (d<&|^) , as in Proposition ^. 31 Lemma l3~4l now implies that ($\MF f (x))* — 
det(d$\ x ) ■ for any such $ with d$\ x = ('g £)• 

As above, the allowed values of d^^ : T X X — > T X X, which form a group, 
are of the form d<&| x = ( ' d g ) for B orthogonal. So far, our proof shows that 
($>\MF f (x))* — det(d < i>| 3 ;) ■ provided A — 0. But the representation of d$| x as 
\o b) depends on the choice of (T^JT) 1 - , and different choices of (TxX) 1 - give 
different families of transformations d^^ with A = 0. 

In fact, the subset of d$\ x which are of the form ('g ^) for some choice of 
(TxX) 1 - generates the full group of all d$ | x = ('q s). Sinced$| K H> (<&\mFj(x))* 
and d<&\ x i— > det(d$| s ) are both group morphisms, and they are equal on a 
generating subset for the group of d<I?| x , they are equal. This proves Proposition 
13.31 and hence Theorem |3Tjb),(c). 



4 Dependence of Wyj on / 

Here is our second main result, answering Question I l.lf b). 

Theorem 4.1. Let V be a complex manifold, f : V — > C a holomorphic func- 
tion, and X be open and closed in Crit(/) as a complex analytic subspace of 
V . Write Ix for the ideal of holomorphic functions vanishing on X, as a sub- 
sheaf of the complex analytic sheaf Oy of holomorphic functions on V, so that 
Ix = (d/) near X. 
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Suppose g : V — > C is a second holomorphic function with 

f + I x = g + I x (4.1) 

in H (Ov/Ix)- Then X is also open and closed in Crit(<?), and there is a 
canonical isomorphism of the perverse sheaves of vanishing cycles 

Af, g :VV' VJ \ x ^VV'yJx- (4.2) 
Also the following commutes, where Tyj,Tv. g are as in (|2.7I) : 



VV'yj - 

l Tv .f 



VV'yj 



Wy g 



■rvv >g . 



(4.3) 



If h : V —¥ C is a third holomorphic function with 

f + I%=g + I% = h + I% (4.4) 

then Ay.h = A 9) /j o Af_ g . Also A g j — AJ , and Afj is the identity morphism. 

All these statements hold also on the Hodge module level: under the same 
assumptions on /, g : V — > C, we have a canonical isomorphism of mixed Hodge 
modules of vanishing cycles 

Af >g : HVy f \x — > UVyJx (4.5) 

in MHM(X; T s , N), and given a third function h on V as above, the isomor- 
phisms satisfy the cocycle condition Aj h = A^ h o A J g . 

Remark 4.2. Theorem 14.11 allows us to define perverse sheaves and mixed 
Hodge modules of vanishing cycles VV V f, T-LV V f for a class of formal functions 
or formal power series /. 

Let V be a complex manifold and X a closed complex analytic subspace of 
V, and write V for the formal completion of V along X. As a complex analytic 
scheme, V — (V, Oy) has topological space V — X and structure sheaf Oy — 
limn^oo Oy /I x , where Ix C Oy is the sheaf of ideals associated to X. Let / 
be a formal function on V, that is, / 6 H°(Oy), and suppose Crit(/) = X C V 
as a (formal) complex analytic subspace of V, that is, Idf = Ix C Oy. 

Choose open subsets fZj C V and holomorphic functions /j :[/,—>■ C with 
/t + 4 = /+4onC/inXforje7 such that {U z n X : i e 1} is an open 
cover of X. We have perverse sheaves of vanishing cycles W* Vi j on U{ (~l X. 
For i , j e / we have /j + I x = f + I x = fj + I x on UiDUjDX, and so Theorem 
14. II gives a canonical isomorphism 'PV' Uz j.\u i nu ] nx = W^j. ,/. |c/«nc/jnx- These 
isomorphisms are compatible on triple overlaps [7^ n JX,- fl J7fc D X by the second 
part of Theorem 14.11 

Thus, by Theorem 12. 5T ii) there exists a perverse sheaf VV V f on X, unique 
up to isomorphism, with W v f\uinx — T J Vu i f. for each i <E I. The same 
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argument gives a mixed Hodge module WVy j. Note that we have not defined 
perverse sheaves or mixed Hodge modules on V, nor functors (j) P p <f) P f H , but only 
the particular perverse sheaf TVy f and mixed Hodge module HV V j onl. 

Defining vanishing cycles for formal functions / of this kind is a natural 
question in Donaldson-Thomas theory. Moduli schemes A4 of stable coherent 
sheaves on Calabi-Yau 3-folds may be written locally as critical loci Crit(/) of 
formal functions /, as in Kontsevich and Soibelman |14j and the authors [BJ. 

We begin the proof of Theorem 14.11 with the following proposition. It is 
based on Moser's proof of Darboux' Theorem in symplectic geometry [T5] . 

Proposition 4.3. Let V,f,X,Ix and g be as in Theorem 14. 1[ and x G X. 

Then there exist open neighbourhoods U x ,U X of x in V and a biholomorphism 
'■ U x — > U' x such that U x D X = U x fl X, and ^ x \u x nx — id;y x nx, and 
d*x|c/ x nx = \&TV\ U3>nx , and jo*^ f\ Ux . 

Proof. Equation (14.11) shows that / — g G I x = l\ ■ Ix- Now Ix is generated 
by d/, and (|4.ip implies that Ix is also generated by d((l — t)f + tg) near X 
for t G [0, 1]. Thus, for each t G [0, 1] we can choose an open neighbourhood W 
of x in V and a holomorphic vector field v t G H°(I X ■ TV\w) such that 

d((l-t)f + tg)-v t =f-g. (4.6) 

Using compactness of [0, 1] we can show that we can use the same open W for 
each t G [0, 1], and we can also choose vt to depend smoothly on t G [0, 1]. 

We wish to choose an open neighbourhood U x of x in W and a smooth family 
*f? x : t G [0, 1] of holomorphic maps : U x — > W, satisfying the o.d.c. 

= (*£)*(«*) mH ((*ly(TV)) (4.7) 

with initial value *° = idu^ :U X ^W. 

This means that for each u G U x , if we define 7 U : [0, 1] — >• W by 7 u (i) = 
^^.(u), then 7„ is a smooth curve in with 7«(0) = u and 

^i(t)= Ut | 7u(t) for t G [0,1]. (4.8) 

Standard results on ordinary differential equations show that solutions of (|4.8p 
exist locally on [0, 1] (that is, exist on some [0, e) for < e ^ 1) and are unique 
with the initial condition 7«(0) — u. However, as W is noncompact, for given 
u G W it might happen that a flow-line 7 M reaches the noncompact edge of W 
at t = e ^ 1, so that 7„ exists only on [0, e) C [0, 1], and not on [0, 1]. 

By assumption vt G H°(I X ■ TV), so Vt is zero on X and at x, and is small 
near x uniformly for all t G [0, 1]. Thus, a flow-line j u starting at u near x at 
time t = initially moves slowly, and stays near x for a long time. Hence we 
can choose an open neighbourhood U x of x in W so that solutions -f u to (|4.8p 
for t G [0, 1] with 7„(0) = u exist for all u G U x . Then we set ^ x (u) — J u (t) for 
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u G U x and t G [0, 1], and : U x — > W for t G [0, 1] are a smooth family of 
holomorphic maps satisfying (|4.T[) and = id[/ x ■ 
We now have 

A[((i-t )/+ t 9 )o*y 

= [^((i - *)/ + ° n + (*ir (d((i - *)/ + ts)) • (^) 

= (g - /) o ** + (**)*(d((l - t)/ + fc)) ' 

= (Kr(g-f) + (KrHi-t)f + tg)-v t ] 
= -/) + (**)*(/ -s) = o, 

using (|4.7|) in the second step and (|4.6[) in the fourth. So ((1 — t)f + tg) o vp* 
is independent of t. At t = it is / o idj4 = /|[/ xl and at < = 1 it is g o 
Thus jof^ = /l^. Set V x = so that g o ty x = f\ Ux , as we have to 
prove. Also *& x is a local biholomorphism, so making U x smaller we can suppose 
&x : U x — > U' x := ^ X (U X ) is a biholomorphism. 

Since vt G H°(I X ■ TV\w), and ^ x is the time-dependent exponential of Vt 
forte [0,1], we see that ^ x + I%\ Ux =id+I%\ Ux . So V x + I x \u x =id+I x \u x , 
which is equivalent to %f x \u s nx = id[/ x nx, and differentiating ^ x + l\\u x = 
id +I x \u x gives d^ x +I x \ U:c = d(id)+I x |c/ x , which is equivalent to d^l^nX = 
id-TV | nx- This proves the proposition. □ 

Let V, /, X, I x and g be as in Theorem 14.11 We will now construct the 
isomorphism A/ s in (|4.2p . For each x £ X , choose U x , U' x , *5> x as in Proposition 
14.31 Then Definition 12 . 1 71 defines an isomorphism in Peiv(U x D X): 

Let x, y G A". Then we have a biholomorphism 

$*„ := Vy 1 o *xU- 1( ^) : — > (4.10) 

Here f^Jnl = tf" 1 ^) = C7 X H J/j, Hi, and $^|c/ x nc/ B nx = id[/ x nt/ B nx- 
As VPj, o = *&x\-qf-i((ji-)) by functoriality of pushforwards $* we have 

( x I'a)*|(7 x nc/ ! ,nx ° ($xy)* = (^x)*\u x nu y nx ■ ^ 

From (|4.10p we see that 

/ o $ xy = f o tf" 1 o ^1^1(^5 = g o - /l*- 1 ^). 

d^l^n^nx = (d^yl^nc/^nx)" ° d^l^n^nx = ^TVl^n^nx • 

We can now apply Theorem 13.11 to / : V —> C, and the local biholomorphism 
$ xy . Since d$ xy \u x nu y nx is the identity, det(d <5> X y\u xn u vr)X ) = 1, so Theorem 
13. II savs that (& xy )* is the identity. Thus (|4. 1 1[) becomes 

(*y)*|t/ x n[/ B nA- = (*x)*|c/ x nt/j,nx forallx,yGA. (4.12) 
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We have constructed an open cover {U x f) X : x E X} of X, and isomor- 
phisms of perverse sheaves (|4.9[) for each U x D X in the cover which agree on 
overlaps (U x DX) n (U y (~)X) by P~T2|) . Therefore Theorem d^i) gives a unique 
isomorphism A/ i9 as in (I4.2[) with A/ )fl |t/ s nX = for all 

We claim that Af i9 is independent of the choices of U x ,U' x ,^l x for x E X. 
To see this, let U x ,U' x ,Sk x be alternative choices, giving an isomorphism A/ lS . 
Then for a; G X, the proof of (|4.11[) shows that 

^■/.slc/^n&^nx = (*^)*lr/ x nry x nx = (^)*li7 lt nt7 a ,nx = ^/^l(7 x nc/ x nx- 

Since the U x PiU x PiX ioi x E X are an open cover of X, this forces A/ jS = A f :9 
by Theorem ESp). 

To see that (|4.3|) commutes, note that pushforwards (^ x )* in (|4.9p satisfy 

(*»). °7v,/knx = 7y.pltr.nx ° (*»). : C^,/) L nx — > (PV^)]^. 

Since A/^j^nx = (^ x )*, the restriction of (|4.3|) to U X C\ X commutes. Thus 
(|4.3I) commutes by Theorem l2.5f i). as the U x Pi X for a; G A" cover X. 

Now let ft be a third holomorphic function satisfying (|4.4[) . Construct A/ )S 
using data U X ,U X , $! x and A g ,/j using data U X ,U' X , ^ x for i£l. Define C/^ = 
* x l {U x ) C (7„ * x = * x o and E% = it x {U x ). Then 

/io* x =/io^o$ a .|^ = goV x \u x = /|f> x . 

Hence C/^, U x , ^> x for 1 e X are possible choices in the construction of A/^, 
which is independent of these choices. For x E X we have 

A Mknx = (**). = (** = (*-) Jfr.nx (*«) *knx 

= (A 9! /i)|;7 x nx (A/ iS )|r/ x nx = (A g ,^ o Af, g )\tt x nx> 

using functoriality of $* in Definition 12.171 As the U x n X for x E X are an 
open cover of X, this gives Af t h — A 3t h A/ i9 by Theorem [275ji), as we have to 
prove. Then Afj = id follows from Ay. g = Af^ g °Afj and Af iB an isomorphism, 
and A g j — Aj g follows from Afj — A g j o A/ i9 . 

To conclude, we need to discuss the case of Hodge modules. The existence 
of the maps Aj g follows as above from Proposition 14.31 functoriality of the 
vanishing cycle module under biholomorphisms, and the stack property of mixed 
Hodge modules, Theorem I2.19f viii). The fact that the Aj g are isomorphisms 
gluing correctly on overlaps follows as usual from faithfulness of the functor 
rat, and the corresponding results on the perverse sheaf level. Finally the 
monodromy actions also match by (|4.3|) . so the gluing is correct in the category 
MHM(AT; T s , N). This completes the proof of TheoremO 

5 Stabilizing vanishing cycles 

In this section, we will give our answer to Question II .lf c). To state the result, 
which is Theorem 15.21 below, we first need some geometric facts. 
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Theorem 5.1. Let W be a complex manifold, V QW a complex submanifold, 
and g : W — > C be holomorphic, so that f := g\v ■ V — > C is also holomorphic. 
Then X := Crit(/) is a complex analytic subspace of V, and hence of W, and 
Y := Crit(g) is a complex analytic subspace of W. Suppose that X = Y. as 
complex analytic subspaces of W. Then: 

(i) Let x £ X C V C W . Then there exists an open neighbourhood W' of x 
in W and a holomorphic map ^ : W' — > V x C", which is a biholomorphism 
with an open neighbourhood of (a;, 0) in V x C™, where n = dimW — dimV, 
such that if v £ W (~l V then = (v, (0, . . . , 0)), and if w G W with 

= (v,(zi,...,Z„)), then g(w) =f(v)+zf + V z 2 n . 

(ii) Write v for the normal bundle of V in W, so that v\x is a holomorphic 
vector bundle on the complex analytic space X of rank n. There exists a unique 
q G H°(S 2 v*\x) which is a nondegenerate, holomorphic quadratic form on v\x, 
with the following property. 

Suppose x, W, ^ are as in (i), and write Y = W n X, as an open complex 
analytic subspace of X . Then we have a commutative diagram of vector bundles 
on Y, with exact rows: 

0^- (dzi,...,dz„)y 

>v*\ Y 

Here : TW\ W > -> #*(T(F©C n )) = V*{TV) © #*(TC n ) is an isomorphism 
as is a local biholomorphism. Restricting to Y, taking duals, and noting 
that *|y : Y -> Y x {0} = Y is the identity, gives an isomorphism d\I/|y : 
T*V\ Y ®^*{T*C n )\ Y ^ T*W\ Y ■ We write ^*{T*C n )\ Y = (dm, . . . , dz n ) Y , as 
it is a trivial vector bundle on Y with basis of sections dz\ , . . . , dz n . 

Thus, there is a unique isomorphism ^> : (dzi, . . . ,dz n )y — > v*\y of vector 
bundles on Y which makes (|5.ip commute. This ^ should identify dzi ® dzi + 
• • • + dz n ® dz n with q\y , for all such x, W' , ^ . 

We continue to use the notation introduced in Theorem 15.11 throughout the 
section; in particular let v\x and q G H°(S 2 v*\x) be as in Theorem 15 . 1 If ii) . 
Write II/ )fl : Ff\ g — > X for the orthonormal frame bundle of (u\x,q). That is, 
Hf, g : Ff t3 — > X is a principal 0(n, C)-bundle over the complex analytic space 
X, and points of HJ g (x) in Ff t9 for x G X are bases (ei, . . . , e n ) for v\ x with 
q\x-{ei®&j) — Sij. The complex Lie group 0(n, C) acts freely and transitively on 

n 7,fl(«) b y ( A v) = i A ij)i,j=i : ( e i> ■ • • , e„) ^ (ei, . . . , e„) with gj = YTj=i A ij e j 
for i = 1, . . . , n. 

We have a normal subgroup SO(n,C) C 0(n,C) of matrices (Ay) with 
det(Ay ) = 1, and 0(n, C)/ SO(n, C) Z 2 . Write P/, g = F/, s / SO(rc, C), and 
n f,a ■ Pf,g X for the natural projection. Then 7T/ )g : Pf g —> X is a principal 
Z2-bundle over X. Points of ttJ*(x) are orientations for the complex Euclidean 
vector space (y x , q\ x ), and P/ i9 is the orientation bundle of (f,q). 



T*V\y®{dZ!, dz n )y ->- T*V\y — >- 

= \^\v =Jid (5.1) 
T*W\y ^ T*V\y 0. 
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Theorem 5.2. (a) Given V,W, f, g, X as in Theorem 15.11 and defining Pf g 
as above, there is a natural isomorphism of perverse sheaves on X: 

®f,g : -PKj — ► VV Wtg ®z 2 />.,. (5.2) 

where W v j,W % w g are the perverse sheaves of vanishing cycles from §2.51 
and if T % is a perverse sheaf on X then T* ®z 2 Pf.g means the perverse sheaf 

L 

F' ® Cp f g , for Cp f G D C {X) the rank one Q-local system on X induced from 
Pf >g by the nontrivial representation of Z2 on Q. Also the following diagram 
commutes, where Tvj,Tw,g are the twisted monodromy operators from (|2.7[) : 

PKj ^ PV w , g ® Z2 p f , g 

\rvj rw >g ®iA Pf ^ (5.3) 

VV'yj ^ VV' W>g ® Z2 P f<g . 

(b) Now let U C V be a complex submanifold, write e := f\u : U — > C, and 
suppose Crit(e) = X as complex analytic subspaces of V . Then as above we have 
principal ^-bundles P e j , Pf, g , P e ,g on X and isomorphisms of perverse sheaves 
e ,/, 6/,g, 6 e ,g on X. There is a natural isomorphism of principal ^-bundles 
^e,/,g '■ Pe,g — > Pf,g ®z 2 PeJ over X which makes the following commute: 

VV U,e — f PKj ®^ Pej 

W W ,g ®Z 2 Pe,g ' d ^ e,/ ' 3 > rV Wjg ®Z 2 Pf,g ®Z 2 Pej- 

Furthermore, if we have a submanifold T C U and d := e|x : T — > C im'tt 
Crit(d) = X, iften i/ie S e ,/, s /lave i/ie associativity property 

(iA Pf g ®^ d ,ej) o 3 d>/)fl = (S eJiS ® id Pd J o S d , eig : g ^ 

Pd.g ► f/,g ®Z 2 -Pej ®Z 2 Pd,e- 

(c) TTie analogues of (a),(b) hold for mixed Hodge modules: given V,W, /, g, X 
as in Theorem \b.\[ there is a natural isomorphism in MHM(X; T" s , JV) 

e L : HV w,9 — > UV 'vj ®z 2 (5.6) 

where «/ M* G D b MHM(1; T s , N) then M* ®z 2 P/, g means M*gi£p , /or 
Cp the unique object in D b MHM(X;T s ,N) which is pure of weight 0, has 
trivial monodromy action, and has rat(Cp f ) = Cp f g , for Cp f g as m (a). 
^4/so, these isomorphisms satisfy the compatibilities of (b). 

Theorems 15.11 and 15 . 21 will be proved in q5.H - M5.2l and M5.3f -i j5.5l respectively. 
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5.1 Theorem ISTTlfi): g is locally / EH z\ H h 4 

We will prove Theorem I5.1f i) by induction on n = dim — dim V. We start 
with the case n = I. Suppose dimF = m and dim 11^ = m + 1, and choose 
local holomorphic coordinates (t/i, . . . , y m , z) on W near cc such that V is the 
hypersurface z = near a;, so (yi|y, . . . ,y m \v) are local coordinates on V near 
a;. Write g = g(y 1 , ...,y m ,z) and / = f(yi, . . . , y m ), so that / = g\ v means 
that /(yi, . . . ,y m ) = y(yi, ...,y m , 0). 

Then ijf = -T(d/) near x is the ideal of holomorphic functions in (y±, . . . , y m ) 
generated by for j = 1, . . . , m, and Jy = I(dg) near a; is the ideal of holo- 
morphic functions in (yi, . . . , y m , z) generated by J-j^. for j = 1, . . . ,m and 
Since X — Y as complex analytic subspaces, we have Ix = Iy\z=Q> that is, 

{^{Vx, ■ ■ ■ ,Vm) ■ 3 = l,...,m) = 

(■§jjr(yi,---,y m ,0) :j = l,...,m and §§(yi, . . . , y m , 0)). 

As ||(yi:--->2/m> ) = ■§^(yu---,Vm), this holds provided |f (yi, . . . , y m , 0) 
lies in (J^r(yi, ■ ■ ■ )J/m) : J = 1, . . . that is, if and only if there exist holo- 
morphic functions &j(yi, . . . , y m ) defined near x in V such that 

ff (yi, . . . ,y m ,0) = X^Li a j(yi;---;2/m) • §^(yi>---,ym)- 

Define new local holomorphic coordinates (yi , . . . , y rn ,5) on near a; by 
Vi = % + a i(yi: • • • > Vm) z and z = z. Then 

|f(y 1 ,...,y m ,0) = E;ii^(yi,---,y m ,0)-^ + §f(y 1 ,...,y m ,0)-i 

= EJli §^{yi,---,ym,o) ■ (-a 3 (yi, ■ ■ ■ ,y m )) 
+ (E^=i a i(2/i'---'f"») ■ §^{vu ■ ■ ■ ,y m )) -i = o. 

So we have g(yi, . . . , y m , 0) = /(yi, . . . , y m ) and §§ (yi, . . . , y m , 0) = in the 
new coordinates (yi, . . . , y m , z). Therefore we may write 

g{yi, ■■■,y m ,z)= f(y x , y m ) + z 2 h(y Xl y m , z), (5.7) 

for some holomorphic function h defined near x in W . 

From (|5.7p . we see that Crit(/) = Crit(y) as complex analytic subspaces of 
W is equivalent to h ^ on Crit(/). So h ^ near x. Hence we can choose an 
open neighbourhood W of x in W , such that the coordinates (yi, . . . , y m , z) and 
function h are defined on W and (|5.7p holds there, and also ft, ^ on W' and a 
holomorphic square root h 1 / 2 exists on W' . Defining functions yi, . . . , y m , z on 
W by y^ = yj for j = 1, . . . ,m and I = zh 1/2 (yi,. . . , y m , z), then yi, . . . ,y m , z 
are holomorphic coordinates on W'. All this holds provided W is sufficiently 
small. In the new coordinates, by (|5.7[) we have 

g(yi,---,ym,z) = /(yi, . . . ,y m ) + z 2 . 



31 



Thus, if we define * : W -> V x C by . . . , y m , z) = ((&, . . . , y m ), z), 

using (j/i|v) • • • i Vm\v) as local coordinates on V, then is a biholomorphism 
with an open neighbourhood of (x, 0) in V x C, and = (u, 0) for u G VF'flV", 
and if ^(w) = (v, z) for w G W then g(w) = f(v) + z 2 . This proves Theorem 
I5.l( i) when n = dvavW — diml^ = 1, and the first step in our induction. 

For the inductive step, suppose n ^ 1 and Theorem I5.1IT J holds whenever 
dim W — dim V ^ n. Let A, V, W, /, g be as in Theorem 15.11 with dim W — 
dim V = n+ 1, and x G A. Since X = Crit(J) = Crit(g) near x, as in (j3.ip we 
have exact sequences 

>■ T X X T X V T*V ^ T*X 0, 

Hess* f 
Hcss-k q 

^ T X X ^ T X W -—^ T^W >■ T*X ^ 0. 

Since Hess^ / and Hess^ g have the same kernel, it follows that Hess^ g is the 
sum of HesSa; / and a nondegenerate quadratic form in the normal directions to 
T X V in T X W . Thus we can choose u € T X W \ T X V with (u <g> u) ■ (Reas x g) ^ 0. 

Extend u to a holomorphic vector field u defined near x on W such that 
u\ x — u. Define a local holomorphic function h : W — > C near x by h — u ■ dg. 
Then at x, using index notation for tensors, we have 

u ■ dh\ x = u a (V a u%)(d b g\ x )+u a (u b \ x ){W a d b g\ x ) = 0+(u ® u) ■ (Hess x5 )^0. 

Therefore h — is a nonsingular hypersurface in W near x. Note too that X 
is a complex analytic subspace of this hypersurface h = near x, as h = it ■ dg 
and X is defined by dg = 0. 

Choose an open neighbourhood T of x in W such that h is defined on T 
and ft = is nonsingular there, and write S = {w G T : h{w) — 0}. Then S 
is a complex submanifold of T C W with dim S = dim W — 1 , so that dim S 1 — 
dimV = n. Write e = g\s : S —± C As h is of the form h = u ■ dg, it follows 
that Crit(e) = Crit(g) PI T as complex analytic subspaces of T. Hence also 
Crit(e) = Crit(/) n T, as Crit(/) = Crit(p) near x. 

Applying Theorem l5.1lX ) with VdT, S, f\vnT, e in place of V, W, f, g (allowed 
by induction as dim S — dim(T^ D T) = n) gives a local biholomorphism : 
S -¥ (V fl T) x C™ near x mapping Vf^ : s n> (u, . . . , z n )) with e(s) = 

/(«) + z^ H h z^. Similarly, applying Theorem l5 lf i) with S, T, e, g\x in place 

of V, W 7 , /, 5 (allowed by the case n = 1 proved above) shows that near a; there 
is a local biholomorphism ^ : T — >• 5 x C mapping ^2 : w ^ (s,z n +i) with 
g(ui) = e(s) + z 2 i+1 . Composing gives a local biholomorphism \p = x idc) 
* 2 : T -> (V (~1 T) x C™ +1 mapping * : iu )->• («, (z i; . . . , z„, z n+ i)) with 

g(w) = e(s) + 4+i = /(«) + ^1 H 1" 4 + 

This completes the inductive step, and proves Theorem 15. lf i). 

5.2 Theorem I5.1( ii): the nondegenerate quadratic form q 

If x, W', 1 ^ are as in Theorem Eft ), and Y = W n A, then Theorem ETH ii) 
characterizes g|y G H°{S 2 v*\y) as q|y = 5'*(dzi ® dz\ H hdz n ® dz n ). Note 
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too that this q\ Y is a nondegenerate holomorphic quadratic form on v\y. Thus, 
for each x 6 X we have an open neighbourhood Y of x in X and a value for 
q\ Y . That is, we define q\ Y on the sets Y in an open cover of X. As S 12 ^* is a 
sheaf, these restrictions determine q completely, provided they agree on overlaps 
Y C\Y' between different subsets Y, Y' in the open cover. 

Suppose that x, W, xt, Y, xf, q\ Y — x]>»(dzi ® dzi + • • • + dz n ® dz„) and x' , 

VK",*',F',*',(7|y' = *'»(dzi ® dzi H h dz„ ® dz„) are alternative choices 

above. Then, to prove Theorem I5.1f ii). it is enough to show that 

*'*(dzi®dziH hdz„®dz„)|y n y' = & *{dzi<8>dzi-\ \-dz n ®dz n )\y n y< (5.8) 

in H°(S 2 is*\ Y nY>)- Combining (EE]) for iy',*,F and W",W,Y' gives a com- 
mutative diagram of vector bundles on YnY', with exact rows: 

0*- (dzi,...,dz n ) YnY > *-T*V\ Y nY'®{dzi, . . . ,dz n ) Y nY> *-T*V\ YnY , 



d(*'o*- 1 )|^ [ 



; id (5.9) 
yni" *■ 0. 



0^ (dzi,...,dz„)yni-' *■ T*V\ YnYI ®(dz ll . . . ,dz„)y n y ^T*V 

Here xp' o x]/- 1 is a local biholomorphism F x C" -> F x C" defined near 
(y n Y) x {0}, which is the identity on V x {0}, and preserves the function 
/ ffl z\ + • • • + z 2 : V x C™ -> C. Therefore 

d(tt' o ^-^l^nroxw : T(V x C")| ( y n y x{0} — > T(V x C")| ( y n y<)x{0} 

preserves Hess (/ ffl z 2 + - • - + z 2 ) in H°(S 2 T*(V x C")| ( y n y 0x{0} ). As Hess (/ffl 
z 2 + ■ • • + z 2 ) = Hess / + dzi dzi + • • • + dz„ ® dz„, from (|5.9p we see that 
xp -1 o xp' preserves z\ ® dzi + • • • + dz„ ® dz„. That is, we have 

(xl/ _1 ox]/')^(dz 1 (8)dziH hdz„(g)dz n )|y n y< = (dzi®dziH hdz„®dz n )|y n y/. 

Composing with xf „ gives f|5 . 8[) . and proves Theorem I5.1f ii). 

5.3 Theorem 15.2( a): the isomorphism 0/ 9 

We now prove Theorem 15.2( a). using the notation introduced above. For each 
x e X, choose x])^ : JJ X -^r\J x with x € U x as in Theorem I5.1f i). and define 
X' x , ^> x as in Theorem lS.lf ii). where we now use 'x' as a subscript to distinguish 
choices for different x 6 X. 

Identifying X' x C V C W and X' x X {0} C V X C" in the obvious way, 
define an isomorphism 6^ : Wy f\x' a ~ > "P^w.g ®z 2 f/,g|x£ m P erv (A^) by the 
commutative diagram: 

pv v,/k 5; ^VV VJ \x L ^VV' C n A+ ... +zl 

ft, j 

PV VxC",/l z ;+-+ 2 J lx' x{0} ( 5 - 10 ) 

\| 
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Here the isomorphisms a x , . . . ,5 X in (|5.10l) are defined as follows: 

(i) a x comes from the isomorphism PVj» hz2 = Q{o} m 

(ii) fi x comes from the Thom-Sebastiani Theorem for Wy f, Theorem l2.15l 

(hi) j x is defined in a similar way to in (12.101) for $f x ; W x ->• V X C n . 

(iv) The isomorphism ty x in (15. ip induces a trivialization of (1^x4 > llx^ ), and 
hence of P/, g |x' ~^ and <5 X is induced by this trivialization. 

Now let x, y 6 X. Since a x , /3 X in (i),(ii) are independent of x, W' x , ^> x except 
in their choice of domain X' x , we have 

a x \x' x r\X' y =a y |x^nx; and fi x \x' x r\X' v = A/Uinx;- (5-11) 

Consider ^J" 1 o ^xl^-i^^) : ^(Im^) -» *- l (Im 1 4 r a; ). This is a local 
biholomorphism of open subsets of W defined near X' x C\X' y , which is the identity 
on V n y- 1 (Im^> y ) and hence on X' x C\X' y . Also 

g o (tf- 1 o *x)|*-i (Im * H) = (/ ffl 2? + • • • + zl) o *4-i (Imt>) = .g|*-i (Im * H) . 
Therefore Theorem O shows d(*- 1 o * x )|x'nx' : TW\x>nX' -> TW\x>nx> 

tf x y x y x y 

has det(d(*" 1 o $ x )\ X ' x nx> v ) = ±1, and 

(*i" lo **l*j l (im*,))* = det(d(vl/- 1 o ^Ixinx;) • : 
^w, g \x' x nx' y — >VVw,g\x> x r\X' y - 
Thus 7a; = (^a;)*, j y = (^j/)* and functoriality of pushforwards implies that 

lx\x' x nx y =ly\x^nx y o(y- 1 oy x \y- 1{ } )^ 

, , (5-12) 
= det(d(*- o * x )\x L nx> y ) ■ l v \x^x> y - 

The morphisms S x \x'nx' i^ylx'nX' come from trivializations of -P/, ff |x'nx' 
induced by trivializations of (^|x^nx^, <?|x^nx^) which differ by the orthogonal 
transformation 

(& x o Vy 1 )* : v\ X ' x nx> v — > v \x'^x- y - 

It follows that 

$y\x>r\X' = det(* x o*- 1 )* -4|x'nx'- (5.13) 

" x y \ a / x y 

We have an exact sequence 

— TV\ x ^x> y — >• TW\ x >nx> "\x m — 0. 

Choosing a compatible splitting TW |x^nx^ — TV\x x nx' ®v\x x nx' , we identify 
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Therefore 

dct(d(*- 1 o V x )\x x nx y ) = det($ x o (5.14) 
Combining (|5.10[H|5.14p . we see that 

Qx\x' m nX' y ={8x°l X °Px°ax)\x' m nX! y ^{5y°ly°l3 y oa y )\x'^X' y =Qy\x^X' y - 

We have chosen an open cover {X' x : x G X} for X, and on each X' x we 
have defined an isomorphism Q x ■ T^^v f\x x — * P^Wa ®z 2 Pf,g\x x of perverse 
sheaves, such that on overlaps X' x C\X' y we have Q x \x x nx' = ®y\x x nX' ■ There- 
fore by Theorem 12. 5f i). there exists a unique isomorphism 0/ j9 as in (|5.2|l such 
that Qf, g \x' — &x for all x G X. 

This morphism Qf. g is independent of the choices of *& x , W' x for each x G X, 
as given a second set of choices W' x and defining X' x , <d x , Qf y9 in the obvious 
way, the proof above also shows that 

®f,g\x' x nx x = &x\x x nx' x = Qx\x x nx x = ®f, g \x x nx x , 

so 6/ iS = 0/ i9 as {X;J, nljiie X} is an open cover of X. 

To see that (|5.3p commutes, consider how twisted monodromy operators act 
in (15.101) . Since t c » jZ .2 + .,, +z 2 = id by (|2.9p . we see that 

L 

otx°T V ,i\x' a = ij V j\x' x MT cn<z 2 + ... +z 2) oa x - (5.15) 
Theorem 12.151 implies that 

L 

0x ° {TV,f\x' m ^T C n tZ 2 + ... +z 2) =T VxC n i/fflz a + ... +3 5i|xix{0} ° Px- (5-16) 

As pushforwards in Definition 12.171 commute with monodromy, we have 

lx ° 7VxC n ,/ffl*? + -+*2 Uix{0} = r W,g|xi ° 7x- (5-17) 

And since monodromy does not affect the trivialization of Pf t g\x' used to define 
S x , we have 

Sx O T W,g\x x = (l"W, S ® id f/, B )Ui ° $x- ( 5 - 18 ) 

Combining (f5T0|) and ([57l5]> — (f5TT8]) shows that the restriction of ([5T3]) to X£ 
commutes. As the AjJ, for a; G X cover AT, we see using Theorem I2.5f i) that 
(|5.3p commutes. This proves Theorem 15. 2( a). 

5.4 Theorem 15.2( b): composition of the 0/ 9 

Let U, V, W, e, /, g, X be as in Theorem [O^b). 

To distinguish the various normal bundles, write i/^, v uw , v vw for the nor- 
mal bundles of UinV,UmW and V in W, respectively. Then ICf/CKC 
W, and we have a natural exact sequence of vector bundles on X: 

*-Vuv\x >- v vw \ x v vw \ x >■ 0. (5.19) 
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Applying Theorem I5.1f ii) for U, V, e, / and U, W, e, g and V, W, /, g gives non- 
degenerate quadratic forms onv uv \x,Vuw\x,Vvw\x, which to distinguish them 



we write as q ef G H° (S 2 ] v* v \x) , q eg € H°(S 2 v* w \x), q fg G i7 (S 2 <Jx). 



Let m = dimy — dimt/ and n = dimW^ — diml^. By Theorem I5.1f ii). 
there exist local biholomorphisms ^ uv : V —> U x C m identifying / = e ffl 
2/i +• • • + j/m, where (yi, . . . , y m ) are coordinates on C m , and \& uv identifies q e f 
with dj/i © dyi + ■ • • + dy m ® dy m . Similarly, there exist local biholomorphisms 
f vff : W ^ V x C n identifying g = / E 2 2 + ■ • • + z 2 , where (zi, . . . , z„) are 
coordinates on C™, and ^ vw identifies qf g with dzi ® dzi + • • • + dz„ ® dz„. 
Composing gives a local biholomorphism (<t„ v x idc») ° f v ,„, : W — >• 17 x 

C m+ " identifying g ^ effly 2 ©- • •+y. 2 „+z 2 H hz 2 , where (yi, . . . , y m , Zi, . . . , z„) 

are the coordinates on <C m+n . But the characterization of q eg in Theorem [STTJii) 
therefore shows that (^ uv x idc) ° $„ identifies q eg with dyi <g> dyi + • • • + 
dy m ® dy m + dzi © dzi + • • • + dz n © dz n . From this we see that locally near 
each x G X , there exists a splitting 



In fact, as q eg is nondegenerate, the local splittings (|5.20l) satisfying (|5 . 2 1 1) 
are unique, since we can define the complementary bundle v vw \x C Vuw\x to be 
the orthogonal bundle of v uv \x in Vvw\x with respect to the complex Euclidean 
metric q eg . So the local splittings glue to give a unique global splitting (|5.20l) 
on X for which (|5.21[) holds. Equations (|5.20p ~ (|5.2ip now imply that the frame 
bundles F e f,F e g ,Ff >g are related by 

F e , g S (0(m + n,C) x F eJ x x F/, s )/(0(m, C) x 0(n,C)), 

where 0(m, C) x 0(n, C) is included as the subgroup of 0(m + n, C) preserving 
the splitting C m+n = C m © C™ in the obvious way, and 0(m, C), 0(n, C) act on 
P e ./, P/. g by the principal bundle actions. Thus we have natural isomorphisms 

P e , s = F e , g /SO(m + n,C) 

= [(0(m + n, C) x F eJ x x £>,«,)/ (0(m, C) x 0(n, C))] / SO(m + n, C) 
= ((0(m + n,C)/SO(m + n,C)) x F eJ x x F/ )fl )/(0(m,C) x 0(n,C)) 
S ((Za x P e>/ x x P /)S )/((Z 2 x SO(m,C)) x (Z 2 k SO(n,C))) 
= (Za x (Fej/SOKQ) x x SO(n, C)))/(Z 2 x Z 2 ) 

= (Z 2 xP eJ x x P / , fl )/(Z 2 xZ 2 ) 

S (P e>/ x x P /)S )/Z 2 S P /)S © Zs P eJ . (5.22) 
Composing gives the isomorphism 5 e ,/ )S : P e-S — > Pj jS ®z 2 P e j that we want. 



^uwlx — v uv \x ffl |x 



(5.20) 



compatible with (|5.19p . which identifies 




(5.21) 



qef © q fg © G i7°(5 2 <J x ) © H°(S 2 v* vw \x) ffl PT°« V © <Jx). 
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To prove (|5.4p commutes, using the notation of $5.31 let / jff be denned using 
data * x : W x -> V x C", X' x , $ x , 6*, a x ,... , 8 X for x G X with i e 1^ C ff, 

and let 6 6) / be defined using data ^ : — > U x C m , X x , $> x , Q x , a x , . . . , 8 X for 
x G X with x G V x C V. For each x G X, define open cc G C W by = 
tfj 1 ^ x C"), and define : U',' ■ I ' / C m+n by * x = (* x x id c ») o . 
That is, if w G W x and * x (iy) = (u, {z\,..., z n )) with^v) = (u, (y%,.. -,y m j), 
then ^(u) = (u, (y%, . . . , y m , z\, . . . , z n j). 

Then * x : W£ ->• {/ X C m+ ™ satisfies the conditions of Theorem OJi) for 
x, C/, W 1 e, 5. Thus, ^P^, W' x for all a; G X are possible choices in the definition of 
©e,g in ^5.31 As 9 e!9 is independent of these choices, we take Q e ,g to be defined 

using fy x , W x , and use the obvious notation X x , $> x , Q x , a x , . . . , S x for x G X. 
Then X' x = X' x n X' x . 

For each a; G X, we now have a commutative diagram in Perv(X^): 



^''xC»,/EBzJ+-+zJ lx£ x {0} 



VV' cm + n y 2 + ... + y 2 n+z 2 + ,., + z 2 



Mi, TV' 



(7xC™, e ffl ! /2 + ... +!/ 2 i l X / ;X{ o} WuJx' 

rv' 



Tali 




C™,zf H hz 



v,/lx' 



73v ^xc m , e ffl H J + ... +y 2 i lx ix{0} 



where the top right quadrilateral commutes because of associativity in the 
Thom-Sebastiani Theorem for Wy t, Theorem l2.15l Therefore 

x Q^a; — (Tie Ac o a x)\x, (ix ° $ x ° ocx)\x' ' (5.23) 

where a Xl a x , a Xl . . . are as in (|5 . 10[) in the definitions of 0/, ff , O e ./, Q e ,g- 

For the trivializations of principal Z2-bundles used to define 5 X in ^5 .31 we 
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have a diagram in Perv(X' x ): 



Wwjji, : >VV w , g ®Z 2 P e ,g\ x , 

S *\x' x id ® H e,/,glx£ 

VV WJ <E>z 2 Pf, g \^ "PVw,g®z a Pf,g®z a Pe,f\jt li (5.24) 
W VJ \ X , — ^ VV h ®^ P *Ax> > 



which commutes because the trivializations of Pf tQ \x' iPe,f\x> >Pe,g\jt' use d to 
define S X ,8 X ,S X are compatible with R e j jg \ x , • Thus we have 

[(id®H e ,/, ff ) o e e , 9 ] \ x , = [(id(g>E eJ .g)\ x ^ o S x ] o [■%. o o a x ] 
= [(Q/,fl®idj» >>/ )|i, °£c|i/ oQ^U; °^UJ 

= [(©/,«, ®idp ei/ )lx/ ° °7x°^ °«x)lx'] 

= [(e /lfl ®id P . i/ )oe ei/ ]| i4 . (5.25) 

Here in the first, third and fifth steps we use (|5.10[) for & e ,g, @/,gj ©e,/ and 
6 X = 6/, g |x x , and so on, and in the second we substitute in (15.23)) and (I5.24[) . 
Equation (|5.25[) implies that (|5.4I) commutes when restricted to X' x . As {X' x : 
x G X} is an open cover of X, equation (|5.4[) commutes by Theorem I2.5f i). 

Finally, equation (|5.5I) follows from naturalness of the isomorphisms used to 
define S e ./ jg in (|5.22|) . It is basically to do with associativity in the splitting 
C /+m+ " = (C' © C m ) © C" = C' © (C m © C n ), where I = AixaU - dimT, 
m = dim V — dim U and n = dim VF — dim V. This proves Theorem 15.2( b). 

5.5 Theorem 15.2( c): the case of mixed Hodge modules 

Given all our previous assumptions and notation, the definition of the isomor- 
phism Qfg in (|5.7[) is a straightforward extension of l|5.10p . using the isomor- 
phism KV'™ z 2_| hz 2 — Q{o] of (|2.17[) , Theorem 12.231 and the geometric facts 

already established. By the commutative diagram (|5.3I) . the isomorphism Qfg 
can be lifted to an isomorphism in the category MHM(X; T s , N), taking into 
account the monodromy action also. This proves the mixed Hodge module ana- 
logue of Theorem 15. 2( a). The analogue of (b) then follows from the results for 
perverse sheaves already proved, the sheaf property of mixed Hodge modules 
with monodromy, and faithfulness of the realization functor rat on mixed Hodge 
modules. The proof of Theorem 15.21 is complete. 
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6 Comparing Wyj,VV Wg when Crit(/) = Crit(p) 

We will divide our fourth main result, which answers Question II. 1( d). into 
Theorems EU El and EH which are proved in gfUj jJO-f6~4l and ST^gST] 
respectively. The main themes are these. Suppose X is a complex analytic 
space, V, W are complex manifolds, / : V — > C and g : W — > C are holomorphic 
functions, and j : X — > Crit(/), k : X — > Crit(g) are isomorphisms of complex 
analytic spaces. We want to relate the perverse sheaves of vanishing cycles 
f{VV' VJ ) and k*(VV' w J on X. 

Theorem 16.11 constructs a principal Z2-bundle Q/, s — > X which is similar to 
Pf.g —¥ X in Theorems 15.11 15^1 Theorem 16.41 defines a notion of compatibility for 
the triples (V, /, j) and {W,g, k), which is an equivalence relation. It shows that 
if (V, /, j), (W, g, k) are compatible and dim W — dim F = n ^ 0, then there exist 
local biholomorphisms : W — >• V x C" which identify g with / EB z\ + ■ ■ ■ + z\ 
and k with j x 0. Theorem 16 . 71 shows that for compatible (F, /, j), (W, g, k) there 
is a canonical, functorial isomorphism A/ )9 : j*("PVyj) — > fe*('PV^r fl ) ®z 2 Q/.s- 

Theorem 6.1. Lei X foe a fixed complex analytic space. In all of this section, a 
triple (V, /, j) means a complex manifold V, a holomorphic function f : V — > C 
so that Crit(/) C V" is a closed complex analytic subspace, and an isomorphism 
of complex analytic spaces j : X -t Crit(J). Write K v = A dimy T*V for the 
canonical bundle of V and K$ = K v <E) K v . Then j*(K v ) and j* ) are 
holomorphic line bundles on X. 

(i) Let {V,f,j) and (W,g,k) be triples. As in ij3.ll we have exact sequences of 
coherent sheaves on X : 



TX ^ j*(TV) j*(T*V) ^ T*X 0, 

j*(Hcss/) 
k* (Hess q) 

*- TX *~ k*(TW) k*(T*W) T*X 0. 



(6.1) 



Properties of determinant line bundles therefore give canonical isomorphisms 

a:det(TX)®j*(K v ) — ► f(K v )* ® det(T*X), 

13 : det(TX) ® k*{K w ) — > k*{K w )* ® det(T*X), { ' ' 

where det(TX), det(T*X) are the determinant line bundles of the analytic coher- 
ent sheaves TX,T*X, noting that det(j*{T*V)) = A dimV (j* (T*V)) = j*{K v ) 
and det(j*{TV)) = A dimV (j*(TV)) j*(K v )*, and similarly for W. 

Define an isomorphism T f, g : j*[Ky ) — > k* [Kyy ) of complex line bundles 
on X by the commutative diagram 

8 »x ^ [det{TX)®j*{K v )] ® [k*(K w )*®det(T*X)]® 

J ( K v ) a [(dct(TX))* ®j*(K v )®k*(K w )®(det(T*X))*] 

f,g aS>j8 -1 g>idj (6.3) 

[j*{K v )* ®det(T*X)} ® [det{TX)®k*{K w )]<® 



k*(K, 



w > [(det(TX))* ® j*{K v ) ® k*(K w ) <g> (det(T*X))* 
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These isomorphisms T f <g are functorial, in that if (U, e, i), (V, /, j), (W, 5, fc) 
are triples then 

T e , g = T/, s o T e ,/, T 9)/ = T^, and T fJ = id r{K f) • (6.4) 

(ii) Let (V,f,j) and (W,g,k) be triples. Define a principal ^-bundle ixj, g : 
Qf.g — > X, such that on any open 7 CI, continuous sections s of Qf, g \y — ► Y 
correspond to isomorphisms i s : j*(Kv)\y ~^ k* {Kw)\y with l s ® l s — Tf_ g \y '■ 
j*(Ky )|y — > k*(K^ )|y. For any point x G X, the fibre TrJ g (x) = {1, — l} is 
the set of isomorphisms 1 : j*(Ky)\ x — > k*(Kyy)\ x with Kg) 1 = T f >g \ x . 

If (U, e, i), (V, f,j), (W, g, fc) are triples then there is a natural isomorphism 
r e ,/,g : Qe.g Qf.g ®z 2 Qej of principal 1,2-bundles on X, such that if Y C X 
is open and sections s, t, u of Q e j|y, Qf, g \v, Qe.gW correspond to isomorphisms 
l s : i*(Ku)\ Y 3*{K v )\y, it : J*{K V )\ Y fc*(i<V)|y, i„ : **(Jft/)|y -»• 
k*{Kw)\y with l s ® u s = T e j\y, i t ® t t = T/ j9 |y, t u ® t„ = T e:9 |y, £/ien 
r e ,/,s(w) = ^ ®z 2 s «/ and onfo/ if i u = it o l s . 

These isomorphisms T e j^ g have the associativity property 

(id<2 /fl ®r die)/ ) o r d)ft3 = (T e j tg <g> id Qd J o T d ^ g : ^ 

Qd,g > Qf,g ®Z 2 Qej ®Z 2 Qd,e 

for all triples (T,d,h),(U,e,i),(VJ,j),(W,g,k). 
Here is an example. 

Example 6.2. Let V = C* x C, where C* = C\ {0}, with coordinates (x, y) for 
x 7^ 0. Let k G Z, and define /, g : V — >• C by f(x, y) — y 2 and g(x, y) — x k y 2 . 
Then X := Crit(/) = Crit(g) = C* x {0} C V. Hence (V, /, idx) and (V, g, idx) 
are triples, as in Theorem 16.11 One can show that f3 = x~ k ■ a in (|6.2[) . and 
therefore T/ ifl : i^y x — > ^y \x in Theorem 16. lf i) is multiplication by x k . 

The principal Z2-bundle P/ >9 on X = C* in Theorem I6.1f ii) parametrizes 
local holomorphic square roots of x k : C* — > C*. As ff 1 (C*;Z2) = I2 there are 
two principal Z2-bundles on C* up to isomorphism, a trivial and a nontrivial. 
So is the trivial principal Z2-bundle if k is even (so that x k has a global 
square root x k l 2 on C*, corresponding to a global section of P/, s —¥ X), and 
the nontrivial principal Z 2 -bundle if k is odd (so that x k has a no global square 
root, and Pf^ g no global section). 

Remark 6.3. We can relate Theorem 16. II to symmetric obstruction theories in 
Behrend [2J. Let X be a scheme, or complex analytic space. Then a perfect 
obstruction theory on X in the sense of Behrend and Fantechi [3] is a morphism 
<fi : £' — > hx in the derived category £>(qcoh(X)), where Lx is the cotangent 
complex of X, satisfying: 

(i) £* is quasi-isomorphic locally on X to a complex [J- _1 — >• J- -0 ] of vector 
bundles in degrees —1,0; 

(ii) h°(4>) : h°(£') — > ft°(Lx) is an isomorphism; and 
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(iii) h 1 ((/)):h 1 (£*)—» h x (Lx) is surjective. 

We call (/>:£*—> Lx a symmetric obstruction theory if we also are given an 
isomorphism 9 : £' -> £ ,v [l] with 6< v [l] = 0. As in Bchrend 2 and Joyce 
and Song [TT], moduli schemes of stable coherent sheaves and 'stable pairs' 
on Calabi-Yau 3-folds have symmetric obstruction theories. If V is a complex 
manifold and / : V — > C is holomorphic then A = Crit(/) has a natural 
symmetric obstruction theory (f> : £' — > Lx with 

£' = [TV\ X 9 flx - T*V\ X ] ■ (6.6) 

Any perfect obstruction theory Lx has a determinant line bundle 

detf*, a holomorphic line bundle over X. For (|6.6|) we have det£* = \x, 
so there is a natural square root line bundle (detf*) 1 / 2 = AV|x- 

Thus, we may interpret Theorem 16. II as follows: the two triples (V, f,j) and 
(W, g,k) give us two symmetric obstruction theories 0/ : £ * — > hx and <p g : 

£' — > Lx on A, with determinant line bundles det£* = j* (K® ) and det£ * = 

k* (K^ ) . Theorem I6.1( i) gives a canonical isomorphism T f g : det £' — > 
det £ * , and the principal ^-bundle P/ i9 — > A parametrizes isomorphisms i : 
(det£ }f/ 2 -> (detf*) 1 / 2 with t ® t = T /iS . 

All this will be important in the sequel [6]. Loosely following Kontsevich 
and Soibelman |14| §5], we will define orientation data for a scheme with perfect 
obstruction theory X, <t> : £ ' — >■ Lx to be a choice of square root line bundle 
(detf *) 1 / 2 for det£*, if such a square root exists. Thus, Pj g relates the natural 
choices of orientation data on Crit(/) and Crit(g). 

In [6] we will use Theorems 16.11 16.41 and 16.71 to show that if X is a quasi- 
smooth derived C-scheme with — 1-shifted symplectic structure w in the sense of 
Pantev, Toen, Vaquie and Vezzosi [20] , with a choice of orientation data, then we 
can construct a perverse sheaf V* x u 011 to{X), which has important applications 
in the 'categorification' of Donaldson-Thomas theory on Calabi-Yau 3-folds. 

The second part of our main result, proved in i )6.2| -i |6.4l studies a notion 
of 'compatibility' for triples (V, f, j), (W, g, k). The initial definition is weak: 
(V, f,j), (W,g, k) are compatible if g o $ — / g 7^ . for local $ : V W with 
$oj = k. But this is equivalent to an apparently much stronger condition, that 
we may locally identify W = V x C™ so that g = f ffl z\ + ■ ■ ■ + z 2 . 

Theorem 6.4. Let X be a fixed complex analytic space, and triples (V,f,j) 
be as in Theorem 16.11 

(a) Let (V, /, j) and (W, g, k) be triples. For each x £ A, there exists an open 
neighbourhood V' of j(x) in V, so that X' := is an open neighbourhood 

of x in A, and a holomorphic map $ : V' — > W such that $ ° j\x' — k\x' as o, 
morphism of complex analytic spaces X' — > W . 

Write Oy for the complex analytic sheaf of holomorphic functions on V, and 
Idf £ f or the ideal generated by df, or equivalently, the ideal of holomorphic 
functions in Oy vanishing on j(X) = Crit(/). Then /J^ is also an ideal in Oy, 
and we can form the quotient sheaf Oy jl\t. 
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For x, V, $ as above, we have a holomorphic function g o <$> : V' —> C, so 
jo$ + Idf\v> S H°((O v /lh)\v')- This 30$ + IdfW' is independent of the 
choice of V', $ near x, in the sense that if V', $ are alternative choices for 
V',$ then in H° ({O v / ll f )\ v , n y,) we have 

9°®\ V >nV' + I h\v>nv> = 9 ° $\ v >nv> + J d/lvnV" ( 6J ) 

Define two triples (V, f, j), (W, g, k) to be compatible if for all x,V',$> as 
above we have 

(f + ll f )\v>=9°® + ll f \v> tnH a ((Ov/I 2 df )\v>). (6.8) 

This condition is independent of the choice of V, $ near x by (I6.7[) . Compati- 
bility is an equivalence relation on triples (V,f,j). 

(b) Suppose (V,f,j) and (W, g, k) are compatible triples, with dunV ^ dimVK, 
and write n — dim W — dim V . Then for each x £ X there exists an open neigh- 
bourhood W of k(x) in W, so that X' — k (W) is an open neighbourhood 
of x in X, and a holomorphic map ^ : W — > V x C" which is a biholomor- 
phism with an open neighbourhood ^(W) of (j(x),0) in V x C", such that 

o k\x> — (j x 0)|x' as morphisms of complex analytic spaces X' — ¥ V x C", 
and if w S W with ty(w) — (y, (zi, ■ ■ ■ , z n y\ then g{w) = f(v) + z\ + ■ ■ ■ + z 2 . 

Conversely, if (V, f,j),(W,g,k) are triples with dimV^ $J dimW^ and such 
W,^ exist for all x £ X, then (V, f,j), (W,g,k) are compatible. 

(c) We can relate part (b) to Theorem 16.11 as follows. For (V, f, j), (W, g, k) 
and x,W',^ as in (b), d* : TW\w> ^*{TV © TC") is an isomorphism of 
vector bundles over W' . Thus we have isomorphisms 

k\* x ,(dV*) : (j*{T*V)S)T*C n ))\ x ► k*(T*W)\ x >, 

A dimW (k\ x ,(d**)) : f(K v )\ x , © A"(T*C") — ► k*(K w )\ x ,. 

Define i s : j*(Kv)\x> —*k*(Kw)\x' by the commutative diagram 
j*{K v )\x 

Iid®(dziA-Ad*„) (6.9) 

j*(K v )\x> ® A"(T *C") 

XTien using the notation of Theorem 16.11 we /iaue 

Ls®Ls = ?f, g \x> :f(K?)\ x , -^k*(K$)\ x ,. (6.10) 

XTiws i s corresponds to a unique section s of Qf <g \x' by Theorem I6.1f ii). so 
Qf,g\x' * s a trivial principal ^-bundle over X' . 

Note the similarity of Theorem I6.4f b) and Theorem 15. lf i). 
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Example 6.5. Let V be an open neighbourhood of in C, let 3 ^ n ^ N, and 
define polynomial holomorphic functions /, g : V — > C by 

f(z) = a n z n + ■ ■ ■ + a N z N , g(z) = b n z n + --- + b N z N , (6.11) 

for a,j, bj G C for j = n, . . . ,N with a n , b n ^ 0. Then is an isolated critical 
point of /, <7, so making V smaller if necessary we can suppose is the only 
critical point of /, g in V. 

Then X — Crit(/) = Crit(g) is the complex analytic subspace z™ -1 = in 
V C C. So (V, /, idx), {V, g, idx) are triples as in Theorem 16. II Using $ = idy 
in Theorem l6.4f a). we see that (V, /, idx), (V, g, idx) are compatible if and only 
if f(z) + (z n - 1 ) 2 = g{z) + (z n - 1 ) 2 . Thus from (jOTt we see that (V,/,idx) and 
(V, g, idx) are compatible if and only if cij = bj for j = n, . . . , 2n — 3. 

Remark 6.6. (i) The notion of compatible triples (V, f, j), (W, g, k) in Theorem 
16.41 is quite subtle. The only relation between (V, /) and (W, g) that we use 
is the isomorphism k o j -1 : Crit(J) — > Crit(g) of complex analytic spaces. 
Since functions on Crit(/) are Oy/Idf, one might expect that an isomorphism 
ko j^ 1 : Crit(/) — > Crit(g) could only determine functions modulo Idf- But in 
l|6.8p we can compare /, g modulo /Jj in a well-defined way. 

(ii) In Example 16.51 (V, /, idx), (V, g, idx) are compatible if a,j — bj for j — 
n, . . . , In — 3. As in Remark 16.31 the symmetric obstruction theory (|6.6p on 
X = Crit(/) determined by / depends on d 2 f\x — n(n— l)a n z n ~ 2 + ■ ■ ■ modulo 
(z n_1 ). Thus, in Example 16.51 Crit(/), Crit(g) are equivalent as schemes with 
symmetric obstruction theories if a n = b n . 

We will show in [6] that (V, f, j), (W, g, k) are compatible if Crit(/), Crit(g>) 
are equivalent as quasi-smooth derived C-schemes with — 1-shifted symplectic 
structures, in the sense of |20j . The classical C-scheme with symmetric obstruc- 
tion theory is a truncation of this, containing less information. In Example 16.51 
the 'derived' structure remembers the n — 2 coefficients a n , . . . , 02^-3 in /, but 
the classical truncation remembers only the one coefficient a n . 

Here is the final part of our main result, proved in tj6. 51 - ffiTTl 

Theorem 6.7. Let X be a fixed complex analytic space, and use all the notation 
of Theorems 16.11 and 16.41 

(i) Let (V,f,j) and (W,g,k) be compatible triples, and Qf, g be as in Theorem 
\6.1( ii). Then there exists a natural isomorphism of perverse sheaves on X: 

A/, 9 : f{W' VJ ) — > k*(VV w J ® Z2 Q Lg . (6.12) 

Also the following diagram commutes, where Tvf,Twg ar ^ the twisted mon- 
odromy operators from (|2.7|) : 

rirv'yj) — ^ k*(VV w>g ) ®z 2 Q f , g 

\f(rvj) k*(r w , e )®id Qf ^ (6.13) 

rCPV'vj) ^ k*(VV w J ®z 2 Q f , g . 
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(ii) If (U, e, i), (V, f,j), (W, <?, k) are compatible triples and r e ,/, 9 is as in Theo- 
rem 16. lf ii). i/ien we /lawe a commutative diagram of isomorphisms in Perv(X): 



i*{VVh,e) —f *~3*CPK,f) ®Z 2 QeJ 

J A , A /,9® id Qe,/j (6.14) 

fe*(^V^ i9 )®z 2 Q e , 3 — ' d ^ re,/ ' 9 > k*{VV Wi3 )®^Qf, g ®^Qej. 

(iii) TTie analogues of (i) , (ii) ZioZd /or mixed Hodge modules. That is, for 
compatible triples (V, /, j), (W, g, k) we have a natural isomorphism 

A£ 9 : fCHV'yj) — > fc*(W^ 9 ) ®z 2 Q/ lS . (6.15) 

m MHM(X;T s ,iV). Also, for compatible (U,e,i),(V,f,j),(W,g,k) the follow- 
ing commutes: 

i*{^y'u,e) ^ ^j*(nv' VJ ) ®^ q sJ 

^ A ' ' A L® id Qe,/j (6.16) 

k* {nV w J® Z2 Q e , g ' d ® r ^ g ; k* {UV' W J®Z 2 Q f,g ®Z 2 QeJ ■ 



The proof of Theorem 16.71 is similar to that of Theorem 15.21 

Remark 6.8. (a) Theorems 14. II and I5.1l - l5~2l are both in effect special cases of 
Theorems 16.11 l6~4l and 15771 in the following ways. 

In Theorem 14.11 making V smaller so that X = Crit(J) = Crit(g), we find 
that (V, /, idx), (V, g, idx ) are compatible triples, T f g = id^» 2 \ x , and Qf iQ is 
naturally isomorphic to the trivial Z 2 -bundle over X, and Af g in (14.21) coincides 
with A* g in (|6.12p under the trivialization of Q* g . 

Similarly, in Theorems l5.1H5.21 (V, f, idx), (W, g, idx) are compatible triples, 
and Pf <g in Theorems 15 . ll4S~2l is naturally isomorphic to Qf. g in Theorem l6.1f ii). 
and W, * in Theorems [5TTH5~2l coincide with W, * in Theorem RTTT b). and 6 / i9 
in ()5.2[) coincides with A/ >9 in (|6.12[) under P/ j9 = Q/, 9 . 

The proofs of Theorems 16.41 and 16.71 depend on those of Theorems 14.11 and 
15.1115.21 Essentially, we use the method of Theorem l4.1l to prove Theorem l6.4f b). 
and then deduce Theorem 16.71 from Theorems 15.1115.21 

(b) It is surprising that given / : V — > C and g : W — s- C, the only data required 
to define the canonical isomorphism Aj )9 in (|6.12l) relating Wyj and Wyy^ is 
the isomorphism of complex analytic spaces koj^ 1 ; Crit(/) — > Crit(g), though 
k o j^ 1 must satisfy compatibility in Theorem 16.41 

One might have expected that defining Aj 9 would require more 'derived' 
data, for instance, an equivalence of the symmetric obstruction theories on 
Crit(/), Crit(g), or even an equivalence of the full quasi-smooth derived C- 
schemes with — 1-shifted symplectic structures in Pantev, Toen, Vaquie and 
Vezzosi [20] , as discussed in Remarks 16.31 and 16.61 But an isomorphism at the 
level of classical schemes or complex analytic spaces is enough to define A/ j9 . 

The rest of the section proves Theorems 16. 1[ 16.41 and 16.71 
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6.1 The proof of Theorem I6TT1 



Part (i) up to (|6.3[) is definitions, and needs no proof. For (|6.4p . suppose 
(U, e, i), (V, f, j), (W, g, k) are triples. Write a, /3, 7 for the isomorphisms 



a : det(TX)®i*(Ku) - 
/3 : det(TX)®j*(K v ) - 
7 : det(TX)®k*(K w ) 



i*(Ku)* <g>det(T*X), 
- j* (A»* «>det(T*A), 
* ft*(if w )* ®det(T*A), 



induced by (|6.1I) for (U,e,i),..., (W, g, k), as in (|6.2|) . Consider the diagram: 




[detCTX)®^^)] ® ®det(T*X)]g 
[(det(TX))* ® i*{Ku) ® <g> (det(T'X))* 



[det(TX) ®i*(Ku)] ® [f ® det(T*X)]® 

[(det(TX))* ® i*(^c/) ® j*CfcV) <8> (det(T*X))*] 

a®/3 _1 <g)id|, 

[i*(KV)* ®det(T*X)] ® [det(TX) 
[(det(TX))* ® r(ifcr) ® j*(*V) <8> (det(T*X))*] 

[det(TX) Of (Kv)] ® ® det(T*X)]® 

[(det(TX))*®j*(Kv) ® fe*(ifw) ® (det(T*X))*] 

/3(g>7 -1 <S>id j 

[i*(JCv)* ® det(T*X)] <g> [det(TX) ® k*(K w )]® 
[(det(TX))* ®f(K v ) ® ® (det(T*A))*] 



[r^c/)* ®det(T*X)] ® [det(TX)®r(if w )]i8 
[(det(TX))* ® t* (lifer) <8> k*(Kw) ® (det(T*X))* 



Here the top left quadrilateral, bottom left quadrilateral, and outer rectangle are 



(|6.3|) for T e ./, T/. g , T eiff respectively, and so commute. The right hand hexagon 
commutes as a®7 _1 = (/3(g)7 )o(cv(8)/3 ), omitting canonical isomorphisms. 
Thus the whole diagram commutes, and T e ^ g = T/, g o T e ,/, proving the first 
equation of (|6.4[) . 

Applying this to (V, /,,?), (V, f,j), (W, g, k) gives T/, s = T/, g o T/,/, so 
T /,/ = id j*(^? 2 ) as T /,s is avertible. Applying it to (V, f,j), (W, g, k), (V, f,j) 
gives T fJ = T gJ o r f , g , so T gJ = Tj* as T/,/ = id r(K f). This proves the 
last two equations of (|6.4[) . and part (i) of Theorem 16. II 

For part (ii), the definitions of 7T/ j9 : Qf.g — > A' and of r e j !S with the 
given properties are essentially immediate. To prove (|6.5j) . let (T, d, h), (U, e, i), 
(V,f,j),(W,g,k) be triples, Y~ C A be open, and i s : h*(K T )\ Y -> i*(K v )\ Y , 
it : i*{Ku)\y — > j*(Kv)\y, t« : i*(-^v)|y — > fe*(-KV)|y be isomorphisms with 
l s 0l s = Td, e |y, 4t(8>tt = T e ,/|y and t„(8)i„ = T/ i9 |y. Then L s ,L t ,i u correspond 
to sections s,t,u of Qd,e\y, Qe,f\y, Qf,g\y, respectively. 
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The definition of Y e ,f,g now implies that we have correspondences between 
sections of principal Z2-bundles and isomorphisms of line bundles over Y: 

Td.ejly 1 ^ ® S) < ► i t O b s , Tdj^gly 1 ^ ® Td^jly 1 ^ <g> s)) < >• t„ O (i t O i s ), 

r'e./.glr 1 ^® *) < > Lu°h> Fd^gly 1 {TeJ^ly 1 (u ® t) <g> s) < >• (t„ o t t ) o i s . 

Since i u o (t t o t s ) = (i n oi ( ) o t s , this shows that 

[(id Q/ s <8>r d)e>/ ) o r d)/>g ] »*««) = r^giy 1 ^ ® r^i^ ® »)) 

= [( r e,/,s ® idg^.e) o r d:e , g ] \~ l (u ® * ® a). 

Hence the restriction of (|6.5p to Y" holds. Since we can cover X by small open 
subspaces Y on which such square roots L a , it, i u for T c i,e, "f e ,/, T/ )S exist, (|6.5p 
holds on all of X. This completes the proof of Theorem 16. II 

6.2 Theorem 16.4( a): compatible triples (V, /, j), (W, g, k) 

Let (V, f,j),(W,g,k) be triples, and x £ X. Choose holomorphic coordinates 
(zi, . . . , z m ) defined on an open neighbourhood W of k(x) in W, where m = 
dimW. Then z a o k o j^ 1 e H°[(Ov/idf)\jok- 1 (W)) f° r eacn a = 1, — , m. 
Now locally near J (a;), sections of Oy/Idf lift (non- uniquely) to sections of CV- 
Thus we can choose an open neighbourhood V of j(x) in V and holomorphic 
functions w%, . . . , w m S -ff°(CV|y) such that for a = 1, . . . , m we have 

(w a +hf)\v'njvk- 1 {W<) = z a oko j~ 1 \ v >njok- 1 (w')- (6-17) 

We now have holomorphic maps (iui, . . . , iu TO ) : V — )■ C m and (zi, . . . , z m ) : 
W' — » C m , with (zi,...,z m ) a biholomorphism with its image. By (|6.17|) . 
writing X' = n fc _1 (W 7 ), as an open neighbourhood of a; in X, we have 

K «H»)o j\x> = {zi, ...,2m)" : — >■ C m . (6.18) 

Making V smaller, we can suppose that j~ l {V) C fe — 1 (W / ) ) so that X' = 
J-^V"), and ( Wl ,..., Wm )(y') C [ Zl ,...,z m )(W') C C m . Define $ : V -> 
by <f> = (zi, . . . , z m ) _1 o (wi, . . . , w m ). Then (|6 . 18|) implies that $oj\ x > = k\x> ■ 
X' — > W. This proves the first part of Thcorcm l6.4f a). 

For the second part, let x € X, and V',<& and V',<t satisfy the conditions 
of the first part. Let y € Crit(/) PI V PI V - ', and choose local holomorphic 
coordinates (zi, ... , z m ) on near <&(?/) = ^(y). Then near y in V' PI V 7 , by a 
holomorphic version of Taylor's Theorem we have 

(6.19) 

+ E™6=1 A ab [Za ° $ - Z a o $) (z 6 o$-z t o$), 

for some holomorphic A a b : — > C defined near y. 
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Since ®oj\ x > = 3>oj\ x > = k\x> and j(X') is open in Crit(J) = df 1 (0), we 
see that z a o $ — z a o $ G I d f near y for each a = 1, . . . , m. Also Jj- G J ds , and 

$ maps d/^ 1 (0) — » dg _1 (0), so o $ G J d / near ?/• Thus each factor (• • • ) on 

the right hand side of (|6 . 19[) lies in Id/ near y, so 3 o $ - .90$ G I d ^ near y. As 

this holds for each y G Crit(/) n V fl F', equation (|6 . T[) follows. 

We say that (V,f,j) is compatible with (W,g,k), or (V,f,j) ~ (W, g, k) for 
short, if (16.81) holds for all x, V, $ as above. This is independent of the choice 
of V', $ near 2; by (|6.7|) . We will show ~ is an equivalence relation. 

Suppose (V, /, j) ~ (W, 5, fc). Let i£l and V, $ be as above, so that (|6.8I) 
holds. Let W be an open neighbourhood of k(x) in W, so that X" — k~ 1 (W) 
is an open neighbourhood of x in X, and $ : W — > V be holomorphic with ^ o 
= The first part of TheoremHOJa) with (V, f,j), (W, g, k) exchanged 

shows such W 1 ,^' exist. Making W' smaller we can suppose ^'(W 1 ) C V' . As 
* maps k(X) = d.g _1 (0) -> = d/ _1 (0), pullback maps 7 d / -> J dg , and 
thus maps I^t — > l\ g - Hence composing (|6.8[) with ^ gives 

/ o * + I 2 dg \ w , = 9 o($o$) + (6.20) 

Equation §2J with (W, <?, fc), W, $ o W, idw in place of (V, f, j), V, $, 
V 7 , $ yields 

ff o ($ o *) + 7 d 2 g | w , = 5 o icV +Il g \w>. (6.21) 

Combining (^D]) - (|6T2T]l proves (JB^J) with (V, (W, £/-, fc) exchanged. Hence 
(IF, g, k) ~ (V,f,j), and ~ is symmetric. 

Suppose (Z7,e,i) - (V,/,j) and (V,/,j) - (W,g,k). Let x € X. Then 
there exist open i(x) G U' C [/, j(a;) G V C V and holomorphic $ : [/' — > V", 
^ : V' — > W such that $ °i\i-i(U') =i|i- 1 (C/') and ^ o j|j-i(y) = fc|j-i(y), and 
equation (|6.8|) yields 

(e + ^JI^^/o^ + ^Jy,, (6.22) 
(/+J|/)lv'=ff°* + ^/lv'- (6-23) 

Set {/' = ^(V) C U' and $ = # o : l> -> W. Since $* maps 7 d/ -> J de , 
and thus maps — > 7^ e , composing (|6.23[) with gives 

/ %< + 4^' =.9°*° + J del£/' = -9 $ + 'deli/- 

Combining this with the restriction of (|6.22p to U' gives 

(e + lle)\u> =9°* + Ide\u>- 

This is equation (|6.8|) for ([/, e, i), (W, 5, fc) and x,U,^. As the condition is 
independent of the choice of U, $ near x, we see that (U,e,i) ~ (W, <?, fe), and ~ 
is transitive. Thus, compatibility ~ is an equivalence relation on triples (V, /, j), 
completing the proof of Theorem I6.4f a). 
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6.3 Theorem \6AVb) : finding * with g = (/ffl z\ H h 4) ° * 



Let (V, f,j) and (W, 5, fc) be compatible triples, with n = dimVK — dim ^ 0, 
and let a; 6 X. The proof of Proposition [33] in fc|3.2l shows that we may choose a 
complex submanifold P of V with £ P, such that Tj^P = Tj^ x \ Crit(/) C 
Tj{ x )V, and setting r = f\p : P — > C, then Crit(r) is an open neighbourhood of 
j(x) in Crit(/), considered as complex analytic subspaces of V. 

Let V',$ be as in Theorem i^a) , so that holds as {V, f,j),(W ) g,k) 

are compatible. Since $ maps Crit(/) — ^» Crit(<?) locally, d'&lj^) induces an 
isomorphism from Tj^P = Tjt x ) Crit(/) to Tu x ) Crit((7) C T^^W. Therefore 
^|pnv is an embedding near j(x). Making P smaller, we can suppose that 
P C V' and $|p : P -> is an embedding. Thus Q = <5(P) is a complex 
submanifold of W , which contains an open neighbourhood of k(x) in Crit(<?) 
as a complex analytic subspace, and $|p : P — » Q is a biholomorphism. Write 
s = g|g : Q — > C. Then restricting (|6 . 8[) to P yields 

r + ll r = so§\ P +ll r mH°(0 P /ll). (6.24) 

Consider (1 — t)r + ts o $|p : P -> C for t E [0, 1]. The derivative of a 
function in I dr lies in I dr ■ I dr Q2 r , where idr.av is the ideal generated by the 
first and second derivatives of r. Thus, differentiating (I6.24[) shows that 

d((l - t)r + ts o $| P ) = [id T *p +ta] o dr for a e I dr ,d 2 r\p ■ End(T*P). 

We have dr\jt x \ = d 2 r\^ x ) = as j(x) S Crit(r) and Tjt x \P = Tji x \ Crit(r). So 
Qi| 3 -( x ) = 0, and a is small near j(x). Making P smaller, we can suppose that 
iAp-p +t a : T*P -> T*P is invertible for all i e [0, 1]. So 7 dr is also generated 
by d((l - t)r + tso $| P ) for each i 6 [0, 1]. 

We now copy the proof of Proposition l4.3[ to construct open neighbourhoods 
P', P" of j(x) in P and a biholomorphism : P' — > P" such that 0|crit(r)nP' = 
idoit(r)nP' an d so$oG = ^|p'- There is a difference: as we work modulo the 
square I dr of I dr , rather than the cube Tf- of Jx as in Proposition ^. 31 we cannot 
also prove that d0|TP| Crit(r)np , = ^TP\ Ctit , r ^ nF , • The important point to make 
the proof work modulo i| r rather than modulo l\ is that I dr is generated by 
d((l - t)r + ts o $|p) for each t € [0, 1]. 

From above, Crit(r|p<) is an open neighbourhood of j(x) in Crit(/). Write 
Q' = $ o 6(P') = $(P")) so that Q' is an open neighbourhood of k(x) in Q, 
and <f> o : P' — > Q' is a biholomorphism. As s o $ o = r|p/, we see that 
$o9 induces an isomorphism Crit(r|p') — > Crit(r|Q'). But is the identity on 
Crit(r) = Crit(/) locally, and $ is an isomorphism Crit(/) — > Crit(<?) locally. 
Hence $ o is a local isomorphism from Crit(r) to both Crit(s|Q/) and Crit(<?). 
It follows that Crit(s|Q') is an open neighbourhood of k(x) in Crit(g). 

Theorem 1 5. lf i) now shows that there exist an open neighbourhood V of j(x) 
in V and a holomorphic map A : V — > P' x C m , which is a biholomorphism 
with an open neighbourhood of (j(x), 0) in P' x C m , where m = dim V — dim P, 
such that if p £ P' n V then A(p) = (p, (0, . . . , 0)), and if v £ V with A(v) = 
(p, (yi,.. .,y m )), then /(«) = r(p) + yf-\ h y 2 m . 
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Similarly, there exist open k{x) G W C W and holomorphic S : — >■ 
Q' x C m+ ", which is a biholomorphism with an open neighbourhood of (&(&), 0), 
such that tfqeQ'nW then S(g) = (q, (0, . . . , 0)) , and if w e W with E(w) = 
(q, (yx, ...,y m ,z 1 ,..., z n )), then g(w) = s(q) + yf H h y 2 m + z\ -\ h z\. 

Now define open k(x) e W C F4 7 and holomorphic * : -> F x C" by 



W' = S _1 ((($O0) X id C m+n)(A(V) X C")), 

* = (A x id C n) _1 o (($ o 9) x id C m+„) _1 o « 



(6.25) 



Since 0,A,S are biholomorphisms with their images, \l/ is a biholomorphism 
with its image. Setting X' = k~ 1 (W'), we have 



Aoj| x ,=j| x ,x0 : X'^P'xl 



6oj| x , =fc|^ :X'—>P", 
Eok\ x ,=k\ x ,x0: X'^Q'xC m+n . 



Combining these with (|6.25|) gives o k\x> = (j x 0)|x'- Also, if w € M 7 ' with 
E{w) = (g, (t/i, • - - , J/m, zi, • ■ • , Zn)) for g € Q', and g = $ o 6(p) for p e P', and 
A(i>) = (p, (yi, . . . ,y m )) for v G V, then *(w) = (u, (z\, . . .,z n j), and 



g{w) = s(q) +yj + 
= r(p) 



+ y 2 m + z l 



+ 4. 



/(«) 



This proves the first part of Theorem I6.4f b) . 

For the second part, suppose such W, * exist for each x £ X. Given such 
x,W',^, choose an open neighbourhood V of j(x) in V such that V x {0} C 
V{W), and define $ : V ->• W by $(u) = ^(u, (0, . . . , 0)) for v E V, and 
X^j'- 1 ^'). Then$oj| x , = k\ X ; as*ofc| x , = (j x0)|^, and f\ v , = 
so (|6.8|) holds. Thus, for each x € X we can choose V, $ as in Theorem 16.4( a) 
so that (|6.8p holds. As this condition is independent of the choice of V, $ near 
X, it holds for all choices of V' , so (V, /, j), (W,g, k) are compatible. 



6.4 Theorem 16.4( c): relation with Theorem 16.11 

Let (V, f,j), (W, g, k) and x, W, VP be as in part (b). Then we have a commu- 
tative diagram of analytic coherent sheaves on X, with exact rows: 



0- 



0- 



-TX 

id S 



3* {TV) 
' ©T C" 



fc*(d* _1 ) 

TX -^k*{TW) 



i*(Hoss/) 

dzj + 

fc* (Hess (?) 



j* (T*F) 
' }T *C n 



T*AT 
id 







fc*(T*W) — s-T*X 



(6.26) 



0. 



As in Theorem I6.1f i) , the exact sequences (|6.1[) induce isomorphisms of line 
bundles a, /? in (|6.2|) . But (16.11) appear as the two rows of (|6.26p . where the top 
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row is summed with — > ToC 1 — > T *C" — > 0. So by properties of determinant 
line bundles, we get a commutative diagram 

(det(TX)®f(K v )) ^ (j*(K v )*®det(T*X)) 

(g)A"T *C n a ®(d 2l A-Ad z „)- 2 (8)A n T C™ 

(6.27) 

iltaW (k\' x ,(d9*))®id detlTX) A dtoW '(fe|i,(d*- 1 )) 1 giid det(:r . x , _ 
det(TX) <g> >■ k*{K w )* ® det{T*X) 

of isomorphisms of line bundles on X. 

Now (|6.3p says that up to canonical isomorphisms of line bundles, we have 

T /i9 SaB^ -1 . (6.28) 

Similarly, equations (|6.9[) and (|6 . 27[) say that 

t s S A dimlv (fc|3 f ,(d**)) ® (dzi A • • • A dz n ), (6.29) 
a ® /T 1 = (A dimW (fc|3 f ,(d**)) ® (dzi A • • • A dz„)) 2 . (6.30) 

Combining (|6.28p ~ (|6.30l) gives l s ® t s = "T/ )9 , which is equation (|6.10l) . This 
completes the proof of Theorem [ 



6.5 Theorem I6.7( i): canonical isomorphisms A / :S 

Let ( V, /, j) and (W, g, k) be compatible triples with dim V ^ dim W, and write 
n = dim W - dim V". For each x <E X, choose x <E W' x C and * x : -4 V" x 
C" with g|iyv = (/EB^i +■ • •+^)o\E' a . as in Theorem l6.4f b). where we now use l x' 
as a subscript to distinguish choices for different Write X£ = fc _1 (W,£), 

so that X' x is an open neighbourhood of x in X, and *S? X o fe|jsf' = (j x 0)|x'- 
Write t Sa . : j*(Kv)\x' — > k*(Kw)\x x for the isomorphism defined in (|6.9I) . and 
s x for the corresponding section of Qf,g\x' ~^ X' x defined in Theorem 16.4( 0). 

Define an iso morp hism A x : j*(VV v j)\x x -> k*{VV' Wig ) ®i 2 Qf, g \x' x in 
Perv(AT^) as for (|5.10l) . by the commutative diagram: 

rcpv' VJ )\ x , —^j*^^ MW C n jZl+ ... +zl 

A * (jxO)*K xCr/Bz?+ ... +z ,)| x , (6.31) 

k*(PV' w J^ 2 Q ftg \ x ,« *= k*(VV Wtg )\x' x . 

Here the isomorphisms a x , . . . , 8 X in (|6.31l) are defined as follows: 

(i) a x comes from the isomorphism PV*,, z 2_| hz2 = Q{o} ; which was con- 
structed in Example 12. 161 



(ii) j3 x comes from the Thom-Sebastiani Theorem for V V v c , Theorem 12.151 
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(iii) 7a; is denned in a similar way to $* in (12.101) for : W x — > V x C". 

(iv) S x is induced by the section s x of Qf t9 \x' —> X' x . 

Now let x, y £ X. The proofs of ([5TTTj) and (j5"T2l yield 

a x \x'nx' = ot y \x'nx> , Px\x>nx> = Py\x'nx' , and 
7x|xinx; = det(d(*,; 1 o l^l^nx;) ■ Ti/kiruq,, 

where det(d(*- 1 o ^Ix^) : K^K^ {±1}. 

In the restrictions to X' x Pi X' y of for a;,W^,* a and y, W^,^ defin- 

ing t s .,t^, the morphisms A dimW (fc|^, nx , (d*£)) and A dim w (k\ x , nX , (d**)) 
differ by a factor det(d(*~ 1 o * x )|xinx')- Tnus 

^knx; =det(d(*- 1 o* x )| x , nX; ) . ls J x , nX; . 

So s x ,s y also differ by det(d(4 f ~ 1 o ^aOl^n^) on XjJ, n X^, and therefore as 
for (I5.13[) we have 

^kinx; = det(d(*; 1 o * x )\x L nx>) ■ k|jr;nx;. (6.33) 
Combining (|6.32l) - (|6.33p . we see that 

A x \x' x nx' y = (8x°7x°Px ttx)\x! c nx v = (5y° r fy°f3 y °ay)\xz.nx{ / =&y\x> m nx> y - 

We have chosen an open cover {X' x : x € X} for X, and on each X' x we 
have defined an isomorphism A x : j*(PV V j)\x^ k*(PVw, g ) ®z 2 Qf,g\x^, 
such that on overlaps X' x n X^ we have A x \x'nX' = Aj,|x'nJf' ■ Therefore by 
Theorem 12. 5f i). there exists a unique isomorphism Af^ g as in |6~T2]) such that 
Af t9 \x' = A x for all x E X. The argument in 35.31 for Qf, g shows that Af t9 
is independent of the choices of W x , ^ x . We prove that (|6.13p commutes as for 
the proof of (|5.3[) in 35.31 This completes Theorem 16. 7f i) when dim V ^ dim W. 

If dimy > dimly, then exchanging (V, f,j),(W,g,k) above gives an iso- 
morphism A gJ : k*(VVw, g ) j*(PVv,f) QgJ- Note to0 tnat in Theo- 
rem 16.11 we have T g j = TJ* by (|6.4p . so the principal Z 2 -bundles Q g ,f,Qf, g 
are inverse (equivalently, isomorphic), and thus there is a natural isomorphism 
l : Z 2 x X — > Qgj ®z 2 Qf,gi w ith Z 2 x X — > X the trivial principal Z 2 -bundlc. 
Define Af t3 in (|6 . 1 2[) to be the unique isomorphism in the commutative diagram 



j*(PVyj) — k*{VV w J ®Z 2 Qf,g 

II id., vv . 1 A -^ id «/„4 ( 6 - 34 ) 

r(VV' v j) ®z 2 (Za x X) 1 J * (PV ^ f) > j*(py^) ®z 2 Q 9 ,/ ®z 2 Q/, ff . 



Essentially this just says that A/ jS = A~^, modulo canonical isomorphisms of 
Z 2 -bundles. We can deduce that (|6. 13[) commutes for A/ i9 from the fact that 
(|6.13|) commutes for A g j. This completes the proof of Theorem I6.7( i). 
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6.6 Theorem 16.7( h): composing A e j, A/ )9 

First suppose (U, e, i), (V, f,j), (W, g, k) are compatible triples with dimU < 
dimV ^ dimW^. We can prove (|6.14l) commutes by a very similar argument to 
that in ij5.4l showing that (j5.4[) commutes. The proof of the analogue of f|5 . 23[) 
is essentially unchanged; for the analogue of (|5.24p . we must check that the 
sections s x used to define S x in part (iv) of £16.51 in the definitions of each of 
A e j, A/ )5 , A 6jS , are compatible with the isomorphism ^ e j.g in Theorem l6.1f ii). 

If we do not have dim U ^ dim V ^ dim W, then we can deduce (I6.14[) com- 
mutes by combining (|6.14|) for a permutation of (U, e, i), (V, f,j), (W, g, k) with 
increasing dimensions, with equation (I6.34[) . For example, suppose dirnT^ < 
dim U Ss dim W , and consider the diagram: 



A, 



Qf,e ®Z 2 Qe,f 




e , 9 ®idQ /)e ®Q e/ A /iB (»idQ Cj/ (6.35) 

k*(W w J®Z 2 Qe,g 

id I. ; id Q^j * ; \ 

k*{W Wig )®z 2 Q e , g m ^ e,/,a ^fc*(PV^ g )® Z2 Q /)S ® Z2 Qe,/- 



Here the upper triangle commutes by f|6.34[) for (U,e,i), (V, f,j), the left hand 
quadrilateral commutes as r 1 o t = id, the right hand quadrilateral commutes 
by (I6.14[) with (U,e,i),(V, f,j) exchanged, as above, and the lower triangle 
commutes by the definitions of T e j >g , Tf^ g , 1. So (|6.35p commutes. The outer 
rectangle shows that (|6.14[) commutes when dim V < dim U ^ dim W. 



6.7 Theorem I6.7( hi): extension to mixed Hodge modules 

As in $3]-$5l this extension is now routine: the diagram (|6.31|) can be lifted to 
Hodge modules, compatibility with monodromy ensures that the isomorphism 
is one of mixed Hodge modules with monodromy, and the sheaf property and 
faithfulness ensure the necessary compatibilities. 
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